Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



'>v\sLt^i34-?'.f a 



SCIENCE CENTER LIBRARY 



Lawrenoe SoientMo School, 



'ff^. 



TRANSFERRED 

TO 

HARVARD COLLEGE 
LIBRARY 



(■ 



k 



f 



i 



f' 



DETERMINANTS. 



AN INTRODUCTION TO THE STUDY OF, 

WITH EXAMPLES AND 

APPLICATIONS. 



a A. MILLER, A.M., PH.D.. 

P HATHEHATICS. 



NEW YORK: 
D. TAN NOSTRAND COMPANY, 



f 



t-, - 



. ,J". li+'v.^i 



' ^ • /--. //. 



/ .' iX, 









Wi^w.^^^FLRRED TO 
.»-'.»Mf»i.;^ kOLLEr,ri L;..iARy 

ooptrioht, 1802, 
Bt D. Yah Nostbakd CX>. 



CONTENTS. 



PAGE 

History of Detebminants 1 

Natube of Dbtebminants 2 

Inversions and Permutations ... 20 

Examples of Determinants .... 32 

Meaning of Notation 33 

Different Methods of Notation . . 37 

Dbtebminants of the Second Order . 38 

Determinants of the Third Order . 41 

Increasing the Order by Borders . 60 

Complementary Minors 68 

Application to Linear Equations . . 71 

Consistence of Equations 80 

Factors of a Determinant 90 

Multiplication of Determinants . . 95 

Symmetrical Determinants 106 

Elimination 107 



Ul 



F 



1 



DETERMINANTS. 



History. — The earliest known record 
of determinants is found in the writings of 
Leibnitz, who lived 1646-1716. He com- 
municated his discoveries to L'Hospital in 
a letter dated April 28, 1693, and in a later 
letter he expressed his belief that their 
study would lead to many valuable discov- 
eries. We have no evidence that he or his 
correspondent pursued the study beyond 
a few of the most elementary principles. 
No trace of determinants can be found in 
the writings of the mathematicians who 
succeeded Leibnitz until 1750. In this 
year Cramer rediscovered them while 
working on the analysis of curves. From 
1750 to 1826 the subject was studied by 
only a few eminent mathematicians, whose 
writings were suited only for advanced 
students. Among these writers were B6- 

zout, Laplace, Lagrange, Gauss, Cauchy, etc. 
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In 1826 Jacob! commenced a series of 
papers on this subject in " Crelle's Jour- 
nal." These papers continued for nearly 
twenty years, and by them the subject was 
made available for ordinary students. 
Many new and important theorems were 
also added. In late years the subject has 
been enriched by the writing of many 
mathematicians, pre-eminent among whom 
are Sylvester and Cayley. 

Nature^ — Given the equations 

aiX + hiy = ^1 1 j^^ 

Multiplying the first of these equations by 
^2, and the second by fti, we have 

a^biX -\- hih^y = biin^ ) 
Subtracting the second equation from the 
first, the result will be 

(cLib^ — ^2^i) ^ = h^nii — b\7n^, B. 

By multiplying the first of equations A by 
agj and the second by ai, and subtracting 
the first of the resulting equations from 
the second, we obtain 



From equations B and C the values of x 
and y are found to be 



If the notation 



__ aimj 



Cb^l 



2 
3 



1 
4 



be employed to de- 



note 2x4 — 3x1; i.e.? the difference of 
the products obtained by multiplying di- 
agonally, we may write 
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^2 


h 



etc., are determinants. 

Observations. — The denominator is the 
same f or both unknowns, and is a determi- 
nant-foxmed by writing the coefficients of 
the unknowns in order. This determinant 
is called the determinant of the system. 

The numerator of the value of x is ob- 
tained from the determinant of the system 
by substituting the second members of the 
equations (A) in order for the coefficients 
of X, 



The numerator of the value of y is ob- 
tained by substituting the same quantities 
for the coefficients of y. 

The product of the elements in the 
diagonal ending in the upper left-hand 
corner is positive. This diagonal is called 
the principal diagonal. The product of 
the elements in the diagonal ending in the 
upper right-hand corner is negative. This 
diagonal is called the secondary diagonal. 

Direction, — Employ the determinant 

notation in the solution of the following 

problems. 

4 a; + 2 2^ = 16. 
a; + 3 2^ = 14. 
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Solution : — 


- 








16 2 




4 16 


X = 


14 3 
4 2 


: 2/ = 


1 14 

4 2 




1 3 




1 3 



4X3 — 1X2 = 10, the denominator. 

16 X 3 — 14 X 2 == 20, the numerator of 

the value of x, 

4 X 14 — 1 X 16 = 40, the numerator of 

the value of y. Hence 

aj = 20 -J- 10 = 2, y = 40 -^ 10 = 4. 

2 X -\-^ y =i—^, 
7 aj = - 21. 



2(3a. + 22, = 7. 3( 
j4z/-aj = 7. ( 



Suggestions, — Write the equations in 
the form of equations A before writing 
the determinants. The direct solution of 
problem 3 is shorter than this general 
solution. It has been given to explain a 
method which will be frequently employed 
in equations of more than two unknown 
quantities. Examples 2 and 3 lead to the 
following determinants : — 



y = 
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7 
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2 


1 


7 




7 


4 


3 


2 


, X = 


3 


2 


-1 


4 




-1 


4 



y = 



2 -6 




-5 5 


7 -21 


, x = 


-21 
2 5 


2 6 


7 
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\2x + 3y = 13. ^|4aj-9y = 4. 

.(a;-2y = 2. -(aj + 5y = 20. 
^|3x+y = 13. '|3«+4y = 15. 

Remark, — It is generally unnecessary 
to write the values of the unknowns in the 
way indicated, since the multiplication may 
be performed without changing the equa- 



tions when they are written in the ordinary 
form ; e.g., in problem 4 we can easily see 
that the value of the denominator is 7, 
(3 X 3 — 2 X 1)> the numerator of the value 
of X is 14, (9 X 3 — 13 X 1), and the nume- 
rator of the value of y is 21, (3 X 13 — 
2 X 9). The work should generally be 
performed mentally. 

Direction. — Solve the first six of the 
following problems mentally, and verify 
the results : 

A (3a; — 4y = 8. 



x + 3y = 7. 

^'\5x-2y = li. 
10 f4a;+y = 5. 



«« ( ax +2t/ = 10, 
^^'\bx + Sy = 4. 

^2 jax + by = c, 
'\dx + ey =/. 

lZ,\rnx + y = l 
{x + ny =: k. 
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f? -|_ 1^ = c. Suggestion, — The de- 
* ^ nominator is : 



15. 



b 
1 



d e -^ 

a , b 
X y 

-—-?=/ Suggestion. — Find the 

values of - and - : then 
X y 



1 
a 

1 
d 



1 



invert; the results will be the values of 
X and y. 

• 3y-2 + x ^^ 45a;+4y 
11 "^ 99 

16. J 3x + 2y y-5 ^ 11 a; + 152 
6 4 12 

3y + l 

~2~- 

Suggestion. — Combine the coefficients of 
X and y. 

I hex = cy — 2 b. 
^y + -^ — ^ = V o^x. 
be c 



18 



19 



(\x + \y = 12. 



.01a; + .05y = 4. 
2 aj + y = 20. 



/ 
/ 
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Given a^x + bxy + Cx« = rrix 
as^J + b^y + CgJSf = w^a 



M. 



Multiply these three equations respect- 
ively by the factors : 



^2 ^2 




h Ci 




*i Ci 


^8 ^8 
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^2 ^2 



we obtain 
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^ 00 
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We shall show by expanding, that the 
coefficient of y is zero. That the coeffi- 
cient of « is zero is seen in a similar way. 



h 



62 C2 

^3 Cz 



= ^1^2<'8 — ^1^8<^' 



-b. 



h 
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Cl 


h 


c» 


h 


Cl 


h 


c« 



= — hih^Cz + hJb^Ci* 



bib^c^ — bJf^Ci, 



Since the sum of the second members is 
zero, the sum of the first members must 
also be zero. 

It should be observed that the multi- 
plier of an equation is the determinant 
formed by writing the coefficients of y and 
z in the other equations in order, e.g. : 

Let us eliminate y and z from the fol- 
lowing equations by the method just em- 
ployed. 

Sx\-z2y + z:= —2. ■ 
X -fSy — z = 10, 
2x^y + 5z = 13. 

The multi- 
pliers are 

The values of the determinants are 14, 
9, — 1. Multiplying we have : 

42x - 2Sy + Uz = -28. 

9a; + 27y — 9» = 90. 

^2x + y — 5«=— 13. 



3-1 _ -2 1 -2 1 
-1 5 ' -15' 3-1 
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Adding the three equations we have : 
49 a; = 49. 

Direction, — Eliminate y and z from the 
following equations, then find the value 
of X. 

« — y + 3« = 9. 

aj — 2y - 4« = -36. 
Result, a = 4. 



1. 



2. 



3. 



35 — y + 2« = 8 — a. 
2a;+y — 3« = a — 6. 

aj + «^ + « = 6. 

Result, X = 2. 

'aj4 2y = 40. 

2 a; + « = 45. 

3 y — « = 25. 
Result, X = 20. 



Suggestion, — The multipliers are : 






1 




2 
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-1 


> 


3 


-1 


» 


1 



When the three equations are written 
in the ordinary way, the operations should 
performed mentally, e.g. : 
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Let the value of x in the following 
equations be required : 



I 



2a; + y — 3a; = 22. 
X — 2y — « = — 1. 
3a;+y — 2« = 33. 



The required multipliers are readily 
found to be 5, — 1, — 7. Multiplying the 
coefficients of x in order, by these factors, 
and adding the products, we obtain — 12 x. 
Treating the absolute terms similarly, we 
obtain — 120. The value of x must be 
_ 120 -^ - 12 = 10. 

Solve the following equations for oj, in 
this way, and verify the results : 

3a:+2y--« = 6. 
2a;4.3y-3« = l. 
aj — y + 4« = 9. 

a; + y + « = 15. 
4 a; — y — 2 « = 10. 
2 a; +3 y — « = 19. 

• Resuming equations M (page 7) : — 

a^x + hxy + Ci« = Wi ) 
a^x + h^y + ^2« = wia >• M. 
^s^ + ^zV + <?8« = Wis ) 
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Multiplying the three equations respect- 
ively by the factors 



we obtain 



d^ C2 




ai Ci 




ai Ci 


€bz Cg 


y 


^8 Cz 


9 


(I2 C2 



CI 00 

«4 ee 



II 



1-4 ee 



11 



^;? 


^;? 


«4 w 


1-4 ee 


^ 

u 


«" 


+ 


1 


$li 


>^ 


04 ee 


•H ee 


« ee 


iH ee 


•<> 


04 

•<> 


+ 


1 


H 


« 


eq ee 


V ^ 


« ee 








I 









II 



»H 04 

ee 

+ 

^ 04 

to to 

iH 04 

ee 



+ 



«-< 04 

to to^ 

iH 04 



CO 






a 



Si) ^ 



00 

d 
o 



N 



- s 

la © 






o 

OQ 



1^ 04 

to to 

^ 04 
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This result could have been obtained 
directly from the value of x on page 8 by 
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interchanging the coefficients of x and y. 
This is evident, since the value of an un- 
known in a group of equations depends, 
not on its name, but on its coefficients; 
e.g., the value of x in equations M is the 
same as the value of y in equations N, or 
the value of z in equations P. 

a^x + \y + c^z = mi ^ 
a^ + h^y + <^2« = ma >• M. 
^8^ + ^zV + ^8« = wis ) 

^lOJ + aiy + CxZ ^= Tiii^ 
h^x + ^2^ + ^2^ = m2 >- N. 

M + (^ZV + <?8« = ^8 ) 

Cix + ^ly + tti^ = mi ^ 
Cgir + ^2^ + «2« = mj >• P. 

CgCC + ^8^ + «8« = »^8 ) 

Observe, too, that the value of an un- 
known in a group of equations is not 
affected by interchanging all of the coeffi- 
cients of any or all other unknowns. 

We have already seen (pages 7 and 8) 
how the value of x may be found when 
three eqiiations involving three unknowns 
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are given. Finding the value of x in this 
manner from equations N, we obtain the 
value of y in M (page 13), and from x in 
equations P, we find that in M 



z = 



Wl 


^2 ^2 
^8 »8 


— 7/^2 


6x »! 
^8 ^8 


+ W8 


5i «! 
62 ^2 


<51 


^2 ^8 
^8 ^8 


— C2 


5i «! 
*8 ^8 


+ <?8 


^1 «! 
^2 <*^2 



The forms of the values of the three un- 
knowns in equations M lead to the follow- 
ing practical principle, by which simple, 
simultaneous equations involving three 
unknowns may be solved. 

The value of any unknown is a fraction 
whose numerator is obtained by multiplying^ 
each absolute term (changing the signs of 
alternate term^) by the determinant formed 
by writing the coefficients of the other 
unknowns in the remaining equations in 
order. 

The denominator is obtained by multi- 
plying the coefficients of the required un- 
known (changing the signs of alternate 
terms) by the same determinants. 

The form of the value of z obtained in 
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this way will differ from that just given 
in having a and h interchanged. Such in- 
terchJinges are allowable (page 13). 

. The learner should make himself very- 
familiar with the above rule, since it ap- 
plies to all simultaneous equations, as will 
be proved later. 

Direction, — Find the value of the un- 
known underscored in the following equa- 
tions. 

(2x — y — 62^=0. 
1.^ a: + 8y-l=9f 
(3a: + y + 2 2_=8. 

Solution. — The multipliers are 



1 8 
3 1 


> 


2-1 
3 1 


> 


2 -1 
1 8 



or, — 23, — 5, 17. 



« = 



-0X23-9^X5 + 8X17 
6X23 + 1X6+2X17 



= i- 



Since only the ratio of the multipliers 
is essential, when they have a common 
factor it should be rejected; and when 
some involve fractions all should be mul- 
tiplied by the L. C. D. of the fractions. 
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3iK -2y +4« = 16. 

X + y — z = S, 

-2x + 3y + 5z = lS. 

Result, z =3. 

4aj + 9y- 2« = 15. 

7a; + 3y + 8« = 71. 
x-{-15y — 5z==— 6. 

Result, y = 1. 

« + 3y — « =30. 

,2y + z = 12. 
X — % z = 4, 

Result, a; = 10. 

(5x + y^-'2z =0. 

SJiz + x^li. 
(z + y — 3x = U. 

Result, y = 4. 

We shall once more resume equations M. 

aiX :j- biy + CiZ = vii^ 
a^x + h^y + ^2^ = ma >- M. 

tta^ + ^82/ + H^ = ^8 ) 

The value of x obtained from these 
equations is (page 8) 



X = 



mi 


^3 C2 
^8 ^8 


— mg 


*1 Ci 
^8 ^8 


+ ^8 


*1 Ci 
^2 ^2 


«! 


^2 ^2 
^8 <^8 


— ^2 


*1 <^1 
^3 ^8 


+ ^8 


^2 ^2 
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The denominator, written in the ordinary 
way, is 

The numerator may be obtained from this 
expression by replacing the a's by corre- 
sponding m's. The denominator and nu- 
merator are also written as follows : — 



ai 


*1 


<^1 




mi 
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Cl 


^2 


^2 


C2 




mg 
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C2 


ttg 
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Cs 


} 


mg 


h 


Cs 



These are determinants of the third order. 
The determinants previously employed are 
of the second order. The order depends 
on the number of elements in one side of 
the square. 

One method of developing a determi- 
nant of the third order may be inferred 
from the expressions from which the above 
determinants were obtained. The follow- 
ing method is probably more generally used. 

Connect the elements of the determinant 
as indicated in figure (p. 18). Multiply the 
united elements together. Prefix the posi- 
tive sign to the products of the elements 



r-1 
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in the lines parallel to the principal di- 
agonal, and the negative to those in the 

lines parallel to the 
secondary diagonal. 
The learner may 
easily verify this 
rule by comparing 
the results obtained 
in this way with the 
denominator writ- 
ten in the common 
way. 
Determinants is a method of notation by 
which large expressions may be written in 
small forms, exhibiting, in a remarkable 
manner, the laws which govern the ex- 
pressions ; e.g., the expressions 

tti^a — <^2^1 } <3ti52^8 — ^1^8<^2 — Cl,2^1^S + ^2^8<^l 

-[- CLshiC2 — <*8^2<^i 5 3,nd aift2^8^4 — dibiC^d^ 

— aib^Czd^ + dJbiC^d^ -[■ ^2^8^i^4 — (iJb2Cid^ 

— aibzC^d^ + a2^i^4^8 + (iib^Czd^ — djfic^d^ 

— aJ)^Cid^ + a^b^Cid^ -\- aib^c^d2 — aJ^iC^d^ 

— dib^c^d^ 4" <^4tbiCffi^ + djb^x^^ — ^4^8^^2 

— a2^8^4^1 + ^8^2^4^1 + 0-2^4^8^1 — <l^%C^dx 

— dzb^c^di + dJf^Czdi, iire written 
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CLl bi Ci 




dl ^8 




Cb^ ^2 ^2 




(I2 ^2 


y 


^8 ^8 ^8 


9 



«! ^1 Ci 

^2 - ^ ^2 ^2 

^8 ^8 ^8 ^8 

6^4 64 C4 d^4 



respectively. The larger the expression 
the more will be gained by writing it in 
the form of a determinant. While the 
third of these expressions is so long that 
it is difficult to get its picture in its en- 
tirety well defined in our minds, the 
equivalent determinant will present no 
such difficulties. It is this brevity which 
makes determinants such a strong instru- 
ment of investigation. 

By the perusal of the preceding intro- 
ductory pages, the learner should have 
formed some idea of the nature and uses 
of determinants, which "needs only to be 
extended. We might have pursued the 
study in this way, but for simplicity and 
logical arrangement we shall now change 
the method, and study the subject from 
definitions. The preceding pages, while 
not necessary to the scientific development 
of the subject, have been given to make 
the treatment more intelligible, and to 
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encourage the learner, while investigating 
many apparently useless principles, by the 
knowledge that the subject ig important. 
The learner cannot expect to see the value 
of the subject fully until the elements of 
it have been so thoroughly mastered that 
he can make the application readily and 
intelligently. 

The words of Professor Sylvester may 
aid in forming a correct view of Determi- 
nants. He says : ^' It is an algebra upon 
an algebra ; a calculus which enables us to 
combine and foretell the results of alge- 
braical operations in the same way as 
algebra itself enables us to dispense with 
the performance of the special operations 
of arithmetic." 

INVERSIONS AND PERMUTATIONS. 

1. Definitions, — A change from the 
natural order is called an inversion. The 
different orders in which several things 
can be put are their permutations, 

2. When a group of different consecu- 
tive integers are written in their natural 
order, e.g., 1, 2, 3, 4, 5, there are no inver- 
sions. 
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3. When these integers are written in 
any other order, e.g., 2, 1, 3, 5, 4, the num- 
ber of inversions is determined by the 
number of times a larger number precedes 
a smaller. 

Illustrations. — In 2, 1, 3, 5, 4 there are 
two inversions — 2 before 1 and 5 before 
4 ; in 2, 3, 4, 5, 1 there are four inversions 
— 2 before 1, 3 before 1, 4 before 1, and 5 
before 1. 

4. Determine the number of inversions 
in the following groups of integers. 

1. 2, 3, 4, 1, 5 : 3, 4, 1, 2, 5: 1, 4, 5, 3, 2. 

Ans. 3, 4, 5. 

2. 1, 2, 3, 4 : 2, 3, 4, 1 : 4, 3, 2, 1. 

Ans. 0, 3, 6. 

3. 1, 2, 3: 1, 3, 2: 2, 1, 3: 2, 3, 1 : 3, 1, 2. 

Ans. 0, 1, 1, 2, 2. 

4. 1, 2, 3, 4, 5, 6 : 6, 5, 4, 3, 2, 1 : 2, 3, 5, 
4, 6, 1. Ans. 0, 15, 6. 

5. If two adjacent integers in the series 
1, 2, 3, 4 be interchanged, what is the 
effect on the number of inversions ? 

6. Can the number of inversions be 
made odd by interchanging two adjacent 
integers in the group 2, 3, 4, 1, 5 ? 
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5. The permutations of any given group 
of numbers are divided into two classes. 
The first class embraces all the permuta- 
tions in which there is an even number of 
inversions, and the second class all those 
in which there is an odd number of inver- 
sions. E.g., 4, 3, 2, 1 : 2, 3, 1 : 3, 1, 2, are 
permutations of the first class, and 1, 3, 2 : 
2, 1, 3 : 2, 3, 4, 1, 5, are permutations of 
the second class. 

6. Theorem, — Any interchange of two 
numbers in a group of different numbers 
alters the class of permutation of the group. 

First Part of the Demonstration, 

When a number and its neighbor inter- 
change places and all the others remain 
undisturbed. 

In the group 2, 1, 5, ... 3, 6, 9, .. . 
7, 11, interchange any two neighboring 
numbers, as 6 and 9, and write the two 
resulting groups as follows : 

re, 91 

2, 1, 5, . . . 3,1 J • • • '^^ 11. and 

observe, — 

(a) The number of inversions which the 
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integers outside of the brackets have, with 
respect to each other, is the same in both 
groups. 

(b) The number of inversions which the 
integers outside of the brackets (preced- 
ing) have, with respect to those within the 
brackets, is the same. 

(c) The number of inversions which the 
integers within the brackets have with 
those outside of the brackets (following) 
is the same. 

(d) The number of inversions which the 
integers within the brackets have, with 
respect to each other, is changed from to 
1, or vice versa. Hence, in this case, the 
class of the permutation is changed. 

Second Part of the Demonstration. 

When any two numbers in a group 
interchange places. 

In the above group let 5 and 11 inter- 
change places, there being n intermediate 
numbers. 11 may be brought to the place 
which 5 now occupies, by n successive left 
neighbor interchanges. After this is done, 
5 may be brought to the place which 11 
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occupies in the original group by n — 1 
right neighbor interchanges. Each of these 
neighbor interchanges has altered the num- 
ber of inversions by unity. The w + w — 1 
interchanges must have altered the number 
of inversions by an odd number. If the 
number of inversions in the original per- 
mutation was even, it will now be odd ; and 
vice versa. Hence, the class of permutation 
of the group has been altered. Q. E. D. 

This important principle is sometimes 
stated thus : If, in a series of numbers 
which are all different, any two are inter- 
changed, the others remaining undisturbed, 
the number of inversions is increased or 
decreased by an odd number. 

, Examples. 

Interchange the numbers underscored in 
the following groups, and compare the re- 
sults with the theorem just proved : 

1. 2, 3, 4, 1 : 1, 4, 5, 2, 3: 2, 1 : 3, 1, 2. 

2. 1, 4, 5, 3, 2: 2, 3, 1 : 3, 1, 6, 4, 5, 2. 
*7. This theorem is also proved as 

follows : 

* Articles marked with an asterisk may be 
omitted on a first reading. 
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If all the remainders obtained hy sub- 
tracting each number from all the preced- 
ing numbers be multiplied together, the 
product will be positive or negative as the 
permutation of the group is of the first or 
second class. 

Let r and s be any two numbers of the 
group except the two that are to be inter- 
changed, and i and k be the two to be in- 
terchanged. The class of permutation of 
a given group is determined by 

(i - k)n(r -i)(r- k) n (r - s), 
IT (r — s) denoting the " product of all such 
factors." The sign of il (r — i) (r — Aj), 
n (r -^ 8) is not affected by interchanging 
i and k, while the sign of (i — k) will be 
reversed. The class of permutation of the 
group will, therefore, be altered by the 
interchange of i and k, Q. E. D, 

8. Cor, — If a number is transferred to 
another place, all the others maintaining 
their relative positions, the resulting per- 
mutation is of the •< ^iffe^ent ^^^^^^ ^^ *^® 
number transferred has moved over an 

i even ^^°^^®^ ^^ places. 
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Illustration, — In the permutation 4, 3, 
5, 1, 2, transfer 1 to the place of 3 ; the re- 
sult will be (4, 1, 3, 5, 2) a permutation of 
the same class^ since 1 has been trans- 
ferred over an odd number of places (1). 
Again, transfer 1 to the place of 4; the re- 
sult will be (1, 4, 3, 5, 2) a permutation of a 
different class^ since 1 has been transferred 
over an even number of places (0). 

This transferreuce can be accomplished 
by successive neighbor interchanges. 

Examples. 

Move the numbers underscored to the 
places marked with carets, and determine 
the resulting permutation by the theorem 
(neighbor interchanges) and the corollary : 

1. 2, ^ 4, 3, 5, 1 : 4, 3, 2, ;, 1 : 2, 4, 6, 

5? ^y Ij A '^* 

9. Theorem. — The number of permuta- 
tions of the group 4, 3, 2, . . . 7, 5, com- 
posed of n elements is n /. 

Demonstration. — The first place of this 
group may be filled in n ways [any one of 
the given elements may occupy it]. After 
the first place has been filled, the second 
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may be filled in w — 1 ways [any one of 
the remaining elements may occupy it]. 
After the first two places have been filled, 
the third may be filled in w — 2 ways [any 
one of the remaining elements m^^y occupy 
it], etc. Therefore the number of permu- 
tations of the group (the different orders in 
which n thing can be put) is n 

(w-l), (/i-2) ... 2 X 1 = w/. 

Illustration. — The following are the 
4 ! permutations of 1, 2, 3, 4 : 



1.^ 



3.<^ 



{ 
{ 

{ 

{ 
{I 



3 
4 

2 
4 

2 
3 

2 
4 



4 
3 

4 
2 

3 

2 

4 

2 

4 

1 

2 

1 



3 
4 



2. 



4.^ 



{I 
{I 

{ 
{I 
{I 



2 
3 



4 
3 

4 
1 

3 
1 

3 
2 

3 
1 

2 
1 
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Writing them in the common way, we 
have 



1, 2, 3, 4 

2, 1, 3, 4 

3, 1, 2, 4 
4, 1, 2, 3 

1, 3, 4, 2 

2, 3, 4, 1 

3, 2, 4, 1 

4, 2, 3, 1 



1, 2, 4, 3 

2, 1, 4, 3 
3, 1, 4, 2 
4, 1, 3, 2 

1, 4, 2, 3 

2, 4, 1, 3 

3, 4, 1, 2 

4, 3, 1, 2 



1, 3, 2, 4 

2, 3, 1, 4 

3, 2, 1, 4 

4, 2, 1, 3 

1, 4, 3, 2 

2, 4, 3, 1 

3, 4, 2, 1 

4, 3, 2, 1 



10. All the permutations may be formed 
from any one permutation by the succes- 
sive interchange of adjacent numbers (see 
illus.). 

Exercise. 

1. Verify that the following groups 
have 2 !, 3 !, and 5 ! permutations respec- 
tively. 

1, 2 : 1, 2, 3 : 1, 2, 3, 4, 5. 

2. How many different words of ten 
letters each could be formed from an 
alphabet containing ten letters, no letter 
being used twice in the same word ? 

3. How many different words, no letter 
being used twice in the same word ? 



29 



4. Prove that the following groups have 
2!, 3!, and 4!^ combinations respectively, 
permutations of the letters and of the sub- 
scripts being allowed. 

aj, Jj : ttj, 62, Ca : Oi, b^, Cg, d^. 

11. The class of a permutation is changed 
by each interchange of two numbers (6). 
The number of permutation of any group 
is even, since n / is even when n exceeds 
unity. Hence the number of permutations 
in which there is an even number of inver- 
sions is equal to the number of permuta- 
tions in which there is an odd number of 
inversions (10). 

12. This important principle may also 
be proved as follows : — 

A group of n elements has n ! permuta- 
tions. Let X and y represent the number 
of permutations having an even and an 
odd number of inversions, respectively. 
Then a; + y = « /. In all of the permuta- 
tions interchange two given elements. All 
the resulting permutations are different. 

1 The different groups that can be made of n 
things, without regard to order, are their oombina- 
tions. 
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The X permutations have become the y 
permutations; and vice versa, without an 
increase in terms. .*. x =y, Q. E. D. 

* 13. When each element of a given series 
is replaced by the following element, and 
the last by the first, the elements are said 
to be cyclically interchanged. It is evident 
that a cyclical interchange of a given num- 
ber of elements (n) may always be effected 
by TO —1 interchanges of two adjacent ele- 
ments. If the elements 

ayhyCyd, . . . I 

were written on the circumference of a 
circle, and the circumference cut between 
a and Z, the elements would be in their 
natural order, while the cutting between 
a and h would cause the elements to be 
cyclically interchanged. The term cycli- 
cal interchange is extended to include the 
case where each element is replaced by 
another element of a group, and the last 
by the first. 

* 14. Every permutation of a series may 
be obtained from a given permutation by 
cyclical interchanges. 
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Given 6, 6, 2, 1, 4, 3, 7. 

to obtain 2, 3, 7, 6, 4, 5, 1. 

Solution. — Replace 6 by 2, 2 by 7, 7 by 
1, 1 by 6, 6 by 3, 3 by 5. This constitutes 
the first cyclical interchange. 4 is said to 
form a cycle by itself. 

It is evident that this method can be 
employed in all cases. 

* 15. Two permutations belong to 

{SffeStctes if thedifferencebetween 

the number of elements and the number of 
groups by whose cyclical interchanges one 

is obtained from the other is -j ^I j°* 

Demonstration. — Let n be the number 
of elements, and p the number of cyclical 
interchanges of ai, a^j a^, . . . a^ elements 
respectively. Then must the number of 
single interchanges be 
(«! - 1) + (a, - 1) + (a, -1) + . . . 
+ K-1) =n-p. 

YoT «! + tta + flg + . . . + ttj, = TO by 
hypothesis. 

In the given example « = 7 and i? = 2, 
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.•. n — ^ = an odd number, and the two 
permutations belong to different classes. 



Given 
to obtain 



2, 4, 3, 1, 5, 6, 8, 7. 
1, 2, 4, 3, 6, 8, 7, 5. 



Here « = 8 and jp = 2. Hence the two 
permutations are of the same class. 

16. Observe that numerals are not es- 
sential to the preceding demonstrations. 
Any elements — numeral, literal, mono- 
mial, polynomial, etc. — may be regarded 
in their natural order if arranged in one 
way. The inversions, when they are ar- 
ranged differently, are found the same way 
as if they were numerals, and their natural 
order were the natural order of these nu- 
merals ; e.g., if a -|- ^, c^, 6, c be considered 
the natural order, there are four inversions 

in c, a + ^9 ^t ^» 



Examples of Determinants. 















2 
4 



6 
3 



a 
e 



b 
d 



are determinants of the second order. 



J 
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2 3 4 
6 1 
2 1-5 

are determinants of the thiid order. 



Ol *1 Cl 




a b e 




di ds c^ 




d e f 




a, bt Cg 


} 


g h % 


y 



ai bi €i dx 
(1% b% c^ d% 
cf>z b^ Cs d^ 



2 14-6 
3-264 
8 10 - 4 8 
2 3 5-1 



(£4 b^ (/4 d^ 
are determinants of the foorth order. 



(I2 bi 






a. 



L 



is a general determinant; i.e.; a determi- 
nant of the n^ order. 



Mbakino of this Notation. 

I. 

18.^ Number of Terms, — The square 
form of elements between two vertical 



1 These definitions should be regarded arbitrttcy 
for the present. The reasons will appear later. 
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lines represents all the terms which can be 
formed containing one element and only 
one of each row (horizontal line) and col- 
umn (vertical line) as a factor. 



11. 

19. Natural Order, — The elements in 
the diagonal beginning in the upper left- 
hand corner are said to be in their natural 
order. This diagonal is called the Princi- 
pal Diagonal ; the other diagonal is called 
the Secondary Diagonal. 



III. 

20. Subscripts. — In order that inver- 
sions may be readily seen, the subscript 
will generally indicate the row, and the 
letter the column, to which an element 
belongs. This notation does not imply 
any relation or dependence of the ele- 
ments. It will, however, prove very help- 
ful in studying the laws governing deter- 
minants, and will generally be employed. 
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21. Inversions. — The number of inver- 
sions in a term is determined by the num- 

ber of inversions in the -j ?gfters^^ ^' when 

*^^ { suSipts ^® ^^ *^^^^ ^^*^^^ ^^^^^' 
or by the number of inversions in both 
when neither are in the natural order. 

V. 

22. Signs, — Terms in which the num- 
ber of inversions is even are positive, the 
others are negative. 

VI. 

23. Arrangement — Since each term 
must contain all the letters and all the 
subscripts of the determinants (18), all 
the terms may be written in the natural 
order of the letters or in the natural order 
of the subscripts. The former is the more 
common method, and should be employed 
by the beginner before determining the 
sign of the terms (21, 22). When elements 
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have subscripts (a^ bz Ci d^), and the num- 
ber of inversions of both subscripts and 
letters are counted, the interchange of an 
element will alter the number of inver- 
sions by an even number, since the sum 
of two odd numbers must be even (6, page 
18). These considerations lead to the im- 
portant principle : the sign of a term is not 
affected by commuting its elements (21, 
22). 

This principle could have been inferred 
from the fact that determinants result 
from algebraic elimination; hence the 
commutative law must hold. 

VII. 

24. Number of Terms. — A determinant 
of the n^ order consists of n / terms. 

Dem^anstration, — All the terms may be 
formed by keeping the letters in their natu- 
ral order (23). The first place may be 
filled in n ways, since there are n different 
a's ; the second in n — 1 ways. Any one 
of the n different b's may be chosen except 
the one whose subscript is the same as the 
subscript of the a which has been chosen 



J 
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to fill the first place (18). The third place 
may be filled in n — 2 ways, for the same 
reason, etc. 

n (n — 1) (w — 2) . . . 2X ! = «/ 



VIII. 

25. Development by Permuting the Sub- 
scripts. — All the terms of the determinant 
may be obtained from a given term by 
keeping the letters in a given order, and 
permuting the subscripts (24, 18). 

IX. 

26. Other Methods of Notation. — Many 
different methods of writing a determinant 
are employed. Some will be explained 
later. The following abbreviated methods 
will be employed in this work. 







cti bi Ci 




% *1 




^2 ^2 ^2 




a, b^ 


) 


^8 bz Cz 


9 



«1 

a^ 



6i 






a. 



I. 



will be written respectively 

(*i *»)> («i h «»)> («! t>i • ' • Q) or 
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i.e., only the Principal Diagonal will be 
given. All the other terms can easily be 
obtained from it (25). We shall also fre- 
quently employ the Greek letter A to de- 
note a determinant. 

The learner should make himself quite 
familiar with the preceding definitions and 
deductions, since they involve almost the 
entire theory of elementary determinants. 
We shall now proceed to the study of sepa- 
rate determinants, beginning with the 
simplest form. 



27. Determinants of the Second Order. — 



ax fti 
a^ b^ 



Queries. 

1. How are the terms identical with 
(ai 63) obtained ? (18, 26, 24.) 

2. What determines the signs? (21, 
22.) 

3. Do all determinants of the second 
order represent two terms ? (18, 25.) 



i 
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4. If one of the elements is 0, what is 
the value of one of the terms ? 

5. Explain when two elements become 
O's. (Two cases.) 

6. When three elements become O's. 

7. Does the order of the factors of a 
term affect the value of the term ? (23.) 

8. When is the value of a determinant 
of the second order negative ? 

9. When will the two terms have the 
same sign ? 

10. If the two rows or the two columns 
of (cLx ^a) are identical, what is its value ? 

11. When the rows in order are made 
the columns in order, is the value of the 
determinant affected ? 

12. Is the value of the determinant 
altered by interchanging the two rows? 
the two columns ? 

13. What effect does the multiplication 
of a line of (ai hi) have on the value of the 
determinant ? 
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28. Direction. — Find the value of the 
following numerical determinants. 



1-3, 



3 4 
1 2 



6 

2 



8 
9 



4 

2 

Ans. 



-1 
3 

2, 38, 14. 



4-6. 



6-8. 



• 


-4 

-2 




1 
3 


y 


-4 

-3 


• 


7 
5 


. 




AnR. 


14, 


c 
c 


1 d 


9 


d 


-d 
h 


9 






-3 
10 



-1. 



Ans. a*d — ¥c, aJI?e + <?» 0. ' 



9-10. 



4 
8 



11-12. 



* 4 
3 1 



1-1 

2 2 



-4 
.2 6 



Ans. 32, 4. 



13-14. 



.7 2 
.3 -.5 



4 a 
2 -3 



15-16. 



\\ 3 
4 



y a 

z I 



17-18. 



3 x 



a — h 



<2 
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29. Determinants of the Third Order, 

Ori hi Ci 
(1% 0^ c^ 

«! b^ Cj — ttj ^8 Cj + a^ ^8 <h 

— a^ bi C^ + *S ^1 ^2 — ^8 ^2 ^1' 

Queries. 

1. How may the terms identical with 
(ai 6j cs) be obtained ? (18, 25, 24.) 

2. Give the reasons for the signs of the 
terms (21, 22). 

3. Determine the signs of the following 
terms in three ways (21, 22, 23), and com- 
pare the results. 

Cib^a^, cbjbiC^y a^c^bi, b^c^ai, 68^1^2* 

4. If A and i represent the number of 
inversions of letters and subscripts re- 
spectively, ( — 1)*+* will determine the 
sign of a term, and is generally called 
the sign factor of the term. Explain. 

30. An easy method for developing a 
determinant of the third order is explained 
on page 18. The learner should become 
very familiar with this method, since it is 
the one most commonly employed. 
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^ 31. Instead of connecting the terms as 
indicated on page 18, two of the columns 
may be repeated thus, 

a\ h^ Oy (i\ hx 

a^ ^2 ^2 ^2 ^2 

ds h ^8 ^s h 

The products of elements in the Princi- 
pal Diagonal and in the two lines parallel 
to it which contain three elements consti- 
tute the positive terms. The negative 
terms are found similarly with respect to 
the Secondary Diagonal. 

32. The development may be effected 
directly from definitions (18, 22) as fol- 
lows: 






Explanation, — Since no two 
elements of a term belong to 
f3 W "^z the same row or column (18), 
the only elements that may be combined 
with ag are &i, Ci, b^, Cg* Hence the only 
two terms containing a^ are a^ hi c^ and 
ttj ^8 ^1* We find the terms which contain 
«! and those which contain a^ in a similar 
manner. The sum of these terms with 
the proper signs constitutes the develop- 
ment of A. 
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Queries. 

1. What are the terms which contain ai ? 

2. What terms contain a, ? 

3. Why is the sum of the terms con- 
taining ai, a^y as the development of A ? 

Examples. 

33. Direction. — Find the values of the 
following determinants of the third order. 
Use the method explained on page 18. 



1. 

Solution, — 
2X1 



2 
5 
3 



-4 -3 



1 

0. 



2 
6 



X 5 = 10, 
6x0x-3== 0, 
3X-4 x2 = -24, 

-14 



3xlX-3= 
6x-4x5= 
2X0X2= 



- 9, 
-100, 

0, 
-109. 



— 14 — (— 109) = 96, the value of A. 



»-4. 



4 2 




3 7 1 




7 1 


6 3 2 




4 3 2 




2 4 


12 


t 


16 


> 


3 6 



Ans. — 12, 1, 0. 
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5-6. 


4 5 7 
3 2 6 
8 10 14 


9 






X ' 

4 

-a? 


3 - 
2 


3 

1 




• 


Ans. 0, 11 a; — a^ + 24 


7. 


4 -i 3 

-§6 2 

6 -3 16 


.• 


Ann. 296. 


What general principle may be dednced 
from 4? 


Prove by expanding 


8. 


a^ bt e^ 
at bt Of 


— 


di d^ d^ 

bi b^ bz 

Ci C2 Cs 


• 


9. 


2 -7 

3 6 
2 


> 

f - 


4 

1 
-1 


- 


= 


2 

-7 

4 


1 3 
6 

: 1 - 



2 
1 


• 



What principle may be inferred from 8 
and 9 ? (Compare with 11, page 39). 
Prove by expanding 



10. 



dxX bx 


Ci 




dxX 


bxX 


CxX 


d^ b^ c^ 


' 


d^ b^ 


Cz 


d^x bi c^ 




a, bz 


Cz 




dx bx Ci 






= 


d^ b^ c^ 








as 


h 


Cz 


• 
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X 



11. 



Oi bi Ci 

Cb^ O2 C^ 

OfZ ^8 ^ 



<i\ hi CiX 






12. 



Oi bi 


Ol 




«! 


^ Cl 


ds h ^ 


= — 


a^ bi C2 


a^ h^ c^ 




Cbz ^8 ^ 




bl Ori Cl 




sss ^— 


b^ a^ C2 






*. 


1 ^8 


<?8 


• 



13. 



^8 



*1 



14. 






^8 



*1 

hi 



»! + 2 fti 


*i Cl 


ag + 2 ^2 


^2 C2 


ag + 2 ftg 


^8 ^8 



^8 



= 0. 



NoTB. — In what follows ^ will be used to repre- 
sent the determinant before and a' to represent it 
after transformation. 



34. Rows and Columns Interchanged. — 
If the rows in order are made the columns 
in order, or vice versa, the value of the 
determinant is not altered ; i.e., A = A^ 
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Demonstration. — Denoting by A and A' 
respectively tlie original determinant, and 
the determinant after the rows in order 
have been made the columns in order, or 
the columns in order have been made the 
rows in order, then will A = A'. 

Terms of A formed with respect to the 
columns are identical with terms similarly 
formed from A' with respect to rows. The 
signs of these terms are the same; for 
if a, 5, (J . . . represent the numbers of 
the columns, and Z, m, n . . . represent the 
numbers of the rows of A from which the 
elements of any term have been chosen, 
then will Z, m, n . • . represent the num- 
bers of the columns, and a, b, e . , , rep- 
resent the numbers of the rows of A' from 
which the elements of the identical term 
have been chosen. Therefore all the iden- 
tical terms have the same sign (21)) and 
A = A'. (See 33, 8 and 9.) 

35. Bows or Columns Mutually Inter- 
changed, — The interchange of any two 
rows or of any two columns changes the 
sign, but not the absolute value of the 
determinant. 
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DemonstrcUian. — The terms chosen simi- 
larly from A and A' differ only with re- 
spect to two subscripts or two letters, 
which must be interchanged in all of the 
terms to make them identical. Therefore 
all of the terms similarly chosen have dif- 
ferent signs, and A =a — A'. (6, 21, 22), 
(33, 12). 

36. Identical Lines. — When two rows 
or two columns are identical, the determi- 
nant equals 0. 

Demonstration. — Interchange the identi- 
cal lines. This will not alter the determi- 
nant. .-. A=A'. By (35), A = — A'. 
Hence A' == —A', and A = — A'. When 
a change of sign does not affect the value 
of a quantity, it must be 0. (33, 14.) 

37. Multiplication of Lines. — Multiply- 
ing or dividing a row or a column of a 
determinant multiplies or divides the de- 
terminant by the factor. 

Demonstration. — Each term of A' con- 
tains the given factor, or is divided by it 
(18). Terms similarly formed from A and 
A' are made identical by the removal of 



48 



this factor. . • . A' = A X or -4- by the 
factor. (33, 10, 11.) 

Corollary, — If the elements of a line 
are equal multiples of the elements of a 
parallel line, the value of the determinant 
isO. 

Suggestion, — Divide by a factor which 
will make the elements identical. Then 
consult 36. 

38. Transposition of an Element, — Any 
element of a determinant may be trans- 
posed to any desired place. 

Demonstration, — The element may be 
brought to the required row by interchan- 
ging two rows, then to the required column 
by interchanging two columns (36). When 
these two interchangings are required, 
the sign of the determinant will not be 
affected, since the sign has been changed 
twice. 

It is more common to effect this trans- 
formation by transposing the lines to the 
required places without affecting the rela- 
tive positions of the other lines. This can 
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obviously be effected by successive inter- 
changes of adjacent parallel lines. The 
sign of the resulting determinant is deter- 
mined by (— l)*"*"*, where ■< ^ represents 

the number of -j gQil^jna over which the 

line containing the given element has been 
transposed (8). 

Exercise. 

39. Direction. — Consult first the articles 
to which reference is made. Then prove 
the equality by solving the numerical de- 
terminants. 



34. 



36. 



2 
4 
1 - 


3 7 



-5 6 


= 


2 4 

3 
7 


1 

-6 
6 


. 




1 

2 


3 1 

6 -3 

-2 3 


> 


1 1 
-3 

2 3 


3 
5 

-2 




= — 



1 
2 


6 

3 

-2 


-3 
1 
3 


. 
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36. 



2 5 2 

5 5 

-3 3 —3 



= 0. 



37. Cor. 



5 3 6 
2 4 8 
5 10 20 



= 0. 



37. 



12 4 1 




2 4 1 




2 4 1 


6 12 


= 6 


112 


^ 


6 6 12 


18 1 


> 


3 1 


> 


3 1 



The element 7 in A is transposed to the 
upper left-hand corner in A', and to the' 
upper right-hand corner in A". Explain 
the signs and prove the equality. 



38. 1 - 



5 


1 







7 


3 


2 


3 


7 2 


= 


1 5 





1 


-4 -3 




-4 1 


-3 






3 2 


7 








= 


6 


1 










1 - 


-3 


-4 


• 





1. Explain the difference by illustra- 
tions of interchanging elements or lineS; 
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and transposing (transferring, moving) 
an element or a line over a given number 
of elements or lines. (6^ 8^ 34^ 38). 

2. Find the values of the following by 
multiplying rows or columns to reduce to 
a simpler form^ before evaluating the 
determinants. 



(a). 



6 
4 

2 


3 

-6 

3 


2 
8 
4 


(b). 
> 


2 
i 


i 3 
5 






a* b* 






(c). 


at 


hd 
» db 


e 



• 



Solution, — 

6 3 2 
4-6 8 
2 3 4 



= 2.3.2 



3 1 
2-2 
1 1 



12.2 



3 11 
1-1 2 
112 



= 24[-6 + l + 2 + l-2 

-240. 



1 
4 

2 



6] = 



3. Do all th^ principles which apply to 
rows apply to columns ? (34.) 
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4. Write the terms of (a^ b^ (^ d^) which 
contain both ag and ^ (26^ 25, 18, 32.) 

6. Write the terms of (ai b^ c^ d^ e^) 
which contain a^ b^ (^. Also those which 
contain €2 b^* 

6. Of how many terms are the two pre- 
ceeding determinants composed ? (24.) 

7. Show that in a determinant of the 
n* order only two terms have n — 2 ele- 
ments in common and that these have 
opposite signs. (18, 22.) 

8. In the determinant ai b^ c^ . . . l^ 
(page 37) a ! terms have n— a elements 
in common, and (n — a)! have a elements 
in common. Explain. 

9. How is the value of a determinant 
affected by changing the signs of all the 
elements in n rows ? (37.) 



Prove that 








1 a a* 


a* 




bed 1 a a^ 




1 * *« 


b» 




acd 1 b b' 




1 e ^ 


c» 


^^^ 


abd Ice* 


LO. 


1 d 6P 


tP 




abe 1 d d^ 
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Suggestion. — Multiply the first column 
by dbedy then divide the rows by different 
factors. 



11. 



Oi + ^1 Ci di 
d^'^'b^ c^ d^ 





(i\ Ci di 




hi Ci di 


= 


di c^ d^ 


+ 


b^ Cji d^ 




dz c^ d^ 




bs (?8 ^8 



40. If all of the elements of a line of a 
determinant are binomials^ A = A' -|- A''^ 
where A' = A with the first terms of the 
binomial as elements in place of the 
binomial elements^ A'' = A with the second 
terms of the binomials as elements in 
place of the binomial elements. 

Demonstrdtion, — Each term of A has 
a binomial factor (18). Decompose each 
term into two terms with monomial factors ; 
e.g., example 11 is equal to (oi -f M ^'^ ^s 
"" d^t + ^«) ^i <^i + (^ + bi) e^ di" etc. = 
di e^ d^ — d^ e^ di -^ d2 Cg di — etc., which 
are terms of A' plus bi c^ d^ '- b^ €2 di + 
b% Cs cii — e^tc, which are terms of A". 
Separate aU the resulting terms into two 
groups — the first containing the first terms 
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of the binomials^ and the second, the second 
terms of the binomials. Then will the 
first group equal A' and the second A". 
The reasoning will become clear by com- 
pleting the solution of this example. 

Scholium. — The same reasoning may be 
employed when a line contains polyno- 
mials of any given form or of different 
forms. Also when the elements in several 
or all of the parallel lines are polynomials. 

1. Prove that 



3 + 2 2 + 3 + 6 1 
4-1 2-6 2 

5-4 4 + 2-3 3 



3 2 + 3 + 6 

4 2-6 

5 4 + 2 3 



1 
2 
3 



+ 



2 2+3+6 1 
1 2-6 2 

4 4 + 2-3 3 



2. Resolve A' and A" each into two de- 
terminants, and prove the sum of the 
four = A. 

41. A determinant is unaltered by add- 
ing to the elements of a line equal multi- 
ples of the corresponding elements of a 
parallel line. 
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Demonstration. — A' = A + ^" (^)« 
A" = (37 Cor.). This principle is very 
impbrtant. We shall therefore apply it 
to a general determinant, to enable the 
learner to understand the demonstration 
better. 

To prove 



«! bi 
CL^ b^ 

• • • • • • 

a^ bf. 

• • • • • • 

«! bi , 
a^ &2 

• • • • • • < 
ttf. bf. 

• • • • • • 
a, b, , 




, k, , 

. k, . 

> • • • < 

. kr . 

> • • • < 

ki + mlj 
k^ + mZj 

• • • 
kf. + wZ, 

• « • 
kf + mZ| 


1 • . . 

• • • 1 

1 • « < 


• • • < 

Ir . 

• • • < 

■ I* 

1 • • • 

, Ir 

> • • • 

, I, 





m represents any number, and k^, kf, . . ., 
/vm • • •« (VM • • •• ancL 6i> C'oa • • •> ^M • • •• ancL v^ 
are the elements of any two columns. Any 
number of columns may precede, be inter- 
mediate, or follow these two columns. By 
40 A' is equal to 
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di bi ... ki 
d^ bf ... kj 

• •• ••• ••• ••• »4 

df. bf. ... kf. 

... ... ... ... .< 

dg bg ... kg 

di hi ... mil 
d^ b^ ... ml^ 

... ... ... ... 

df bf ... mlf 
... ... ... ... 

dg bg ... mlf 


t . 

1 a 
1 • 
1 • 

1 . 
> . 

• . 1 
. • < 
. . ■ 
. • 1 

. . 4 

. • 1 


... 1 

. • • < 
• • • 

. Ir 

t • . • 





The first of these determinants is A^ and 
the second (A") is equal to 0. .*. A' = A. 

Q. E. D. 

Cor. — A determinant is unaltered by 
adding to the elements of one line equal 
multiples of the corresponding elements of 
two or more parallel lines. 

Scholium, — Denoting by l^^ l^ Izy l^j . . . 
the parallel lines of a determinant, the de- 
terminant is not altered by writing in- 
steady li + mZs, 1% + ^^s + ^4> ^s — ^4j ^4^ • • • • 
but we cannot substitute /i + ^ ^ + ^ ^s? 
hy ... because after ^ + ^ ^^ substituted 
for lii the lines were /i + ^ ht h) h >•' 
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We have therefore no reason to suppose 
that the addition of ^ will not alter the 
determinant. In the case supposed A' = 
(36). It is evident that we could have 
added the transformed line /i + ^ giving 
n "h ^ 2 ^2 + tj, 6j, l^. 

This principle is very useful in the re- 
duction of numerical determinants. The 
following examples will show how the 
principle is applied. 

To find the value of the following de- 
terminant we divide the first. 



4 


6 8 




7 


3 5 


= 2 


2 


-3 4 





2 3 4 
5 1 
0-6 



= - 216. 



row by 2, and subtract the quotient from 
the second and third rows. 

Direction. — Find the values of the fol- 
lowing by reducing according to 41. 



8 5-1 
12 3 

4 2J -i 



42. If all the elements except one of a 
line are zeros, the determinant is equal to 



3 


4 6 




8 7 3 




1 


-6 2 




4 3 1 




6 


7 11 


> 


10 2 


9 
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the determinant formed by striking out 
the lines which contain the significant 
element, multiplied by (— !)*'+* times the 
significant element ; e.g., 



aiO 

^2 ^2 ^3 


-tti 


^2 ^2 




biCi 

Cl'2 O2 C2 


ag bs Cg 




f 


^3^3 



= — a« 



biOi 
bs Cs 



Dernonstration. — Since all the terms of 
A must contain one element from the line 
in which there is only one significant ele- 
ment (18), all the terms which do not 
reduce to zeros must contain this element. 
The elements which unite with any given 
element in a determinant are found by 
permuting the other subscripts with the 
other letters ; for all the permutations of 
1, 2, 3, 4, . . . which may be formed by 
keeping 1 in its place are found by prefix- 
ing 1 to all the permutations of 2, 3, 4, 
. . . (See 18, 23, 25) ; but permuting the 
other subscripts with the other letters will 
evidently lead to the determinant formed 
by striking out the row and column con- 
taining the given element. 

If the significant element is in the 
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upper left-hand comer the sign is positive. 
It may always be transposed to that place 
without altering the value of the de- 
terminant by prefixing the sign factor 
(_l)r + c (38) . i.e., A = (-1/ + '^ A'. 

Again ( — 1)*' + ^^ determines whether an 
element causes the sign of a term from 
which it is removed, to change. Therefore, 
when the significant element is removed 
from all the terms which do not reduce to 
zeros and placed before a parenthesis en- 
closing them, it must be preceded by the 
sign factor ( — 1)'" + ^ When the paren- 
thesis is written as a determinant this 
sign factor remains. 

Prove that 



1. 



2-3 

1 -4 -2 

2 10 



= 2 



2 -3 
2 1 



2-3 
5 a —2 
2 10 



2-3 4 
0-2 
2 1 10 



A' may easily be found by cancelling the 
row and the column containing the sig< 
nificant element. The given determinant 
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and those on page 58 should, for this pur- 
pose, be written 



2 

± 



— 3 



_4 ^ 



2. 1 



* t 



) 



^-* 



^h A A 




2. When a line contains only one sig- 
nificant element, is the determinant altered 
by changing the other elements in the 
perpendicular line containing the given 
element ? (1.) 

43. The order of a determinant may be 
increased indefinitely, for the borders 



10 0. 

X 

y 



1 x y . . . 







10 







may be placed on any determinant with- 
out altering the value. 

Prove that 



1. 







10 


di bg 


r— 


Cj Ox bi 
Cs d^ b^ 
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1 














2 -3 




3 2-3 




1 11 




6 1 11 . 


> 




12-1 6 


1 


10 




1 2-6 


4 3 




4 3 


=ss 


4 3 


2-1 




02-1 




2-1 


»! bi Ci 




ai + + bi Ci 




a^ b^ €2 


sr 


0+^2 + ft, c, 




as *8 ' ^^i 




+ 4- a, ft, 0, 




di bi Ci 




fti Cj 


I 


fti Ci 


b^ Ca 


+ 


a, ft, Cj 


. + 


*« ^a 


ft, C3 




ft, Ci 


I 


as ft, c. 


Ol 




-aj 


fti ei 


+ «8 


fti Ci 


• 


(40. Scholium, 42.) 


I 


11 1 




a — aj tti — a? 




a — X a* — » 


: S 


6 


— X 


h- 


— aj 


*" 


b 


— 05 


fti-aj 





5. ft- 

1 1 
z a 
X ft 



1 

1 



a 
ft* 



= X 




1 
1 



1 
a 
ft 



a* 
ft* 



+ 



a 
[ft 



a* 
ft* 
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44. Any determinant may be so reduced 
that all the elements except one of a given 
row are zeros. 

Demonstration, — If none of the elements 
of the given row are zeros^ reduce them 
to their L. C. M. by multiplying the col- 
umns; then subtract one of the columns 
from all the others. The result will be 
the required determinant. If some of the 
elements in the^ given row are already 
zeros, treat only the significant elements 
in this way. 



Illustration. — 



3 4: a I 

b c 2 1 

a h 4t I 

10 3 2 



Vial 12al 12al 12al 

^bl Sacl 2U 12a 

4taH 3abl 4Sl 12al 

4al 36^ 24a 



12a/ 

4a*Z Sacl — Adbl 2U — 4a^/ 12a — 4aftZ 
4mH Sabl--4aH 4Sl-4:aH 12al-^aH 
^al --Aal 36/ — 4aZ 24a —4aZ 



= 12aZ 



3ac/ — 4a^Z 24Z— 4a^Z 12a— 4a*Z 

3abl - AaH ^l - ^H 12al - 4.aH 

^ 4mI 86Z-4aZ 24a— 4aZ 
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The reduction would have been much 
simpler if the last row had been chosen 
for the given row. 

45. The order of a determinant may be 
decreased by the method employed on 
page 61, problem 4, or according to 44. 
The judicious use of the principle ex- 
plained in 41 simplifies these transforma- 
tions greatly. 



Examples^ 



9 
18 
30 
24 



13 

28 
40 
37 

1 1 

2 4 
4 1 
2 4 



17 
33 
54 
46 



1 
1 
2 
2 



4 
8 

13 
11 

1 
1 
6 
3 



1 
2 
4 

2 



1 
4 
1 
4 



1 

2 2 
4-3 

2 2 



1 4 

1 8 

2 13 
2 11 


-1-1 
-2 2 

1 



2 
3 

2 




1-1 

2 2 
1 


r— 


4-1-1 

-7-2 2 
1 




= 


4-1 
1-4 




15. 



Explanation. — A' is obtained by sub- 
tracting multiples of the last column from 



64 



the others. A" is obtained from A' by 
subiaracting the sum of the first three 
columns from the last; etc. 
Direction. — Find the values of 



12 3 

6 6 7 

9 10 11 

2, 3.1 13 14 15 

7 - 
-2 
0- 
6 

Ans. 

46. Prove that 
Oi bi Ci 

(^2 0^ C2 
dz b^ Cg 



4 

8 
12 
16 

-2 
6 

-2 
2 

0. 



2 

4 1 

2 

1 




2 
1 
1 



1 


b 



<^n K <?n 



5 

2 2 
5 3 

3 4 

2(56 + 2),-972. 



ki li 
k^ h 



iCn Cm 



hi Ci ••• ki 



Oa ^2 




h Ci 


• • • 


ki li 

iC^ ^2 








*1 Cl 
^8 ^ 


• • • 


ki l\ 

K h 

9 # # 




# # A 

Ox bx 




• • • 

bi Ci 


• • • 

• • • 


ki $1 
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Hints, — Multiplying the first column 
by — bi and the second by ai we add the 
results ; then multiply the second by — <j 
and the third by biy etc. Operating on all 
of the columns (n — 1 times) in this way 
we obtain. 

( — 1)*»-^ fti Ci . . . All Zi A = 


— ttj ftl + ttj ^2 — ^2 ^1 4- ^1 Cj 

— % ^1 + «! ^8 — ^8 ^1 + ^1 <^S 

... ... «•• 

— a„ ^1 + ai bn —bnCi + ^l ^n 

h 

— ^3 ^1 t" ^1 ^8 ^8 

... ... 

By making the last column the first the 
sign factor (— 1)*~^ will disappear (36), 
since it may be accomplished by '*"^ success- 
ive interchanges of adjacent columns. We 
now reduce the determinant to one whose 
order is w — 1 (42). Then bi Ci... ki Zj A 
= ZiA'orA A' 1 

Q. E. D. 
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Scholium. — The simplest line should be 
made the first row before this method is 
employed. 

Illustrative Solution, — 

0-2 5 3 

7-2 5 

-2 6-2 2 

5 2 3 4 



-2.5 



0-2 

7-2 

0- 

-2 

0-2 
5 2 


-2 
6 


-2 6 
-2 

-2 5 
6-2 

-2 5- 

2 3 




5 3 
6 

5 3 
-2 2 

6 3 
3 4 





-2.5 



14 10 25 

- 4-26 16 

10-16 11 



- 2.6.10 



14 10 
- 4-26 



14 


10 




10 


10-16 




-16 


-1 


- 324 810 




100 


s 

c 


124 


510 





10 25 
-26 16 



25 
11 



-1 
100 



300 
324 510 



= - 972. 
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These reductions could have been sim- 
plified by (37). We have not employed 
many other principles for the purpose of 
impressing the one under consideration. 
It should be observed that only the ex- 
treme elements in the first row may be 
zeros. For the reduction of numerical 
determinants containing few or no zeros 
we consider this method superior. 

We have now indicated three general 
methods by which all determinants may 
be reduced (43, 4, 44 and 42, 46) as far as 
may be desired. Which of these methods 
should be employed is determined by the 
nature of the problem. Frequently sev- 
eral methods are used in the solution of 
one problem. Determinants of higher 
orders should generally be reduced to the 
second order before evaluating. 

47. 



(^X 



'f\1^{^i 't 7i 



r 



(b). 



2 b^ fo ft 2 
:i h ^;, //•; 

h ^4 



* ' ■ # hv f*» *l.t 



ti fi. \ 



'K fh / ' .'{ »:l 



r 



4 »f4 ^'idi 



i. 




d. 



.w. 



^4 



d, 
d. 



. (d)* di 
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(e) aiBXtd 



and 



••(/) 









• {9) («i ^8 <?i) and c?2 



(d), (c), (<i) are respectively first, second 
and third minors of (^i h^ c^ d^. 

b^ c^ d^ 

63 Cj ^8 

64 C4 d^ 

C4 ^4 

(e), (/), (^) are respectively complement- 
ary minors. 

48. If we delete one line and one col- 
umn of a determinant, the remaining 
elements in their relative positions may 
be regarded as a determinant. This de- 
terminant is called the first or the prin- 
cipal minor. There are n* principal minors 
in a determinant of the w** order. 

49. If we delete the same number of 
rows and columns, the remaining elements 
in their relative positions constitute a 
minor whose order is n — a, n being the 
order of the determinant and a the num- 
ber of the rows deleted. [ (c), (d), ]. 

60. Definition. — If we cancel the same 
number of rows and columns, the twice 
cancelled and uncancelled elements respec- 
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« 

tively constitute complementary minors of 
the determinant. When their signs are 
prefixed they are called co-factors. [(«), 

51. The principal minors, which are the 
complements of a^, a^, Og, . . . ^i, b^ b^, , , . 
are denoted by Ai, Aj, Aj, . . . Bj, Bj, Bg, . . . 
In (a) (47) 



A,= 



B,= 



sss 


^2 ^2 d^ 

bs Cg d^ 

^4 ^4 d^ 


> 


A2 = 


A,= 




C2 (^2 
C4 ^4 


rs 


ag (jg c?g 
6 (^4 d^ 


> 


B2 = 


B,= 




Cj C?2 




1 


as 


Cg (fg 



^1 ^1 ^1 

vg Cg Wg 
^4 ^4 ^4 



ag Cg rfg 

^4 ^4 ^4 



It is evident that there are as many 
principal minors as there are elements, 
and that any principal minor may be ob- 
tained by deleting the lines containing the 
corresponding element. 
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52. From 42 and 43, i, it may be seen 
that 

= <3^1 Ai — Og A) 4* ^s As — ^4 A4. 

= ^1 Ci — Cj Cs + C3 Cg — C4 C4. 
= — (^1 Di+ rfj D, — rfa !>• + ^4 1>4. 

Multiplication by Co-factobs. 

53. If the elements of a line are respec- 
tively multiplied by the co-factors of the 
corresponding elements of a parallel line 
the sum of the products is 0. 

Demonstration, — In the determinant 
S ± (oi ^2 • • • ^n)f let us multiply the col- 
umn containing the a^s and the column 
containing the b^s by the co-factors of the 
first column, the results are 



<h Ai 



hi 



± ttfi A„ K 

ai bi Ai 

Os — ^2 A2 



« . • 



±*«A, 



• • • 

• • . 
. * . 



• • < 

In 
k 

• . « 

I. 
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These kntiltiplied columns equal respec- 
tively (52), 



«! 
O] 









a. 



I. 









L 



The first is the original determinant 
(52), and the second is (36). It should 
be observed that the second A is obtained 
from the first by writing ftj, 6j, . . . in place 

of Oi, Of, . . . 

Illustrative Example, — 

Ci = 23, - C, = 6, Ca = - 17. 



2 3 

1 -7 

3 2 



2 
1 




Multiplying the first and second columns 
by these co-factors, we have 

2X23 + 1X5-3X17 = 0. 
3X23-7X6-2X17=0. 

Application. 
54. Given 

aiX+ bij/ + CiZ = nii^ 

ag a; + ^« y + Cg » = w»8 ) 
to find the values of x, y, and z. 
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The determinant of the system is (o^ h^ Cg). 
Multiplying by x, we obtain 



di bi Ci 
a^ b^ Cf 
dt ^s c^ 

aiX + biy + CiZ 
a^x + biy + e^z 
dzx + b^y + c^z 

Hence 



X = 



h 
h 
h 



diX bi Ci 
d^x b^ c^ 

Ag X 6g c^ 

Ci frti bi 
C] sss m^ b^ 
Cg m^ 6g 






X 



Ml 


^1 


«i 


m^ 


b. 


c« 


Wg 


h 


<5« 


Oj 


h 


^ 


«2 


b. 


C« 


ag 


h 


c% 



We could evidently obtain the values of y 
and « in a similar way. This method is 
general. The equations may also be 
solved in the following way. 

We multiply the equations respectively 
by Au — Ag, and Ag. The resulting equa- 
tions are 

Oi Ai a? + ^1 Ai y + Ci Ai « 
— OgAgo; — ^gAgy — CgA^^sas 
ag Ag 05 + ^g Ag y + Cg Ag 



z = 
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Since a&y numbers writtfen in the square 
form may be regarded as a determinant 
(18), we may consider the coefficients of 
the unknowns in M to be a determinant. 
The notation employed gives it the form 
of the general determinant of the third 
order (% b^ «»). 

Assigning the values to Ax, — A2, A3, 
which they have in (oi ^ c^), and adding 
the equations M' together, we obtain (53) 

(til Ai — ttj Aa + ag -^a) « = »»i Ai — Wj Ag 
+ mj Ag. 

When written in the more common form, 
this becomes 





«! 


Ji 


ci 




Wi 


h 


Cx 




«2 


^2 


C2 


X = 


W2 


h 


C2 


on/>A 


ag 


^8 


Cs 




Wg 


hz 


Cz 


cULc 




tfll 


h 


Ci 










fH2 


h 


Ca 










rn^ 


ht 


^8 






X 




ai 
0,2 




^1 
Ca 










a^ 


h 


Cz 


• 




See ] 


iages 7- 


18. 
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56. To find 'the value of y we multiply' 
equations M by — Bi, B2, and — Bj, and 
add the three equations together. To find 
the value of z we multiply by Ci, — C2, and 
Cg, and add the resulting equations. The 
results will be (53) 

(-5i Bi +h B2 - fts B,) y = - mi Bj 

+ m^ B2 — Wj Bg. 
(ci Ci — Ca Cj + Ca Cj) « = mj Ci — ma €» 

+ mg Cb. 

Dividing by the co-efficients of these un- 
knowns, and writing the results in the 
ordinary way, we find the values of the 
three unknowns to be 



X = 



TTlx 


^1 c 


i 


ma 


b^ c 


2 


tth 


h c 


8 


ai 


hi Ci 


Aa 


^2 ^2 


as 


*. < 


> 
'8 

1 



y = 



z = 



tta 

^8 



6. 






«! 


mi 


Ci 


^2 


ma 


Ca 


^8 


mg 


Cs 


ai 


^1 


Ci 


aa 


^2 


Ca 


^8 


^ 


<?8 



ai ^1 Ci 

(I2 ^2 ^2 
ag ^g Cg I . 

Illustrative Solution, — 

Required, the values of x, y, and z in 
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2x 

X 



-2y+4« = 3^ 
3y — 2«=4) 



X = 



11 3 -1 




3-2 4 




4 3-2 




2 3-1 


^^^^ 


1-2 4 




3-2 





-31 10 
21 -3 

-7 10 
6 -3 



= 3. 



Explanation, — The reduction has been 
effected according to 46. Since both nu- 
merator and denominator are multiplied 
by 3, it is omitted. 

b^. Since the denominator of the frac- 
tions representing the values of x, y and 
z respectively is the same, we need to find 
its value for but one of the unknowns. 
We therefore find the values of the other 
numerators and divide them by the com- 
mon denominator — 13. Thus 



y = 



2 11-1 
13 4 
4-2 




■ — 


-6 47 
8-18 




-13 

2 3 1 
1-2 
3 


1 
3 
4 






-13X11 

-7 31 
6 21 



= 2 



z — 



-13 



-23X3 



=1. 
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It is not difficult to see that the method 
pursued in articles 54 and 55 is independ- 
ent of the number of equations. This 
gives rise to the following practical rule 
for the solution of simple simultaneous 
equations. 

The values of the unknowns are repre- 
sented by fractions whose common denomi- 
nator is the determinant formed by writing 
the coefficients of the unknowns in their 
relative positions. The numerators are ob- 
tained from the common denominator by 
replacing the coefficients of the required un- 
known by the second members in order. 



• 


Examples, 


» 


Direction. — Find the values of the un- 


knowns in the following groups of equa- 
tions • 

^ <cx + y^d. 
\2 X— ly ^ m. 


Suggestion. — In 1 




d 1 




c d 


/M ^^^ 


m — I 




2 m 


X = 


c 1 
2-1 


1 
2-U 
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o f3a; — 2y = 10. 
^' |6a5+4y = 18. 

(2 X +4y — 3« = 22. 
a-^4a;-2y + 6« = 18. 
(6fl5 + 7y— « = 63. 

( aj — 3« + 2y = — 26. 
4. ^ 2 y + « — « =r 14. 
( y + 2 « — 3 « = 22. 

Suggestion, — Always consider the un- 
knowns in the same order in all the 
equations when writing the determinants. 
In 4 

-26 2-3 



X =! 



14 
22 



2-1 
1 2 



1 

1 

-3 



2-3 
2-1 
1-Sk 2 



y = 



1- 
1 

-3 


-26-3 
14 1 
22 2 


1 

1 

-3 


2 -3 
2 1 
1 2 



« = 



1 


2- 


-•26 


1 


2 


14 


-3 


1 


22 


1 


2 


-3 


1 


2 


-1 


-3 


1 


.2 



When one line has a common factor, as 
— 26, 14, 22 in 4, it may be placed before 
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all the determinants and the other factors 
placed instead when the determinants are 
first written. In this way the operation of 
reduction may often be greatly abridged. 



8. 



5. 



2x+ y + 3» = 3. 
y — 4« = 2. 



6. 



Sx 


+ 9y» 


+ 8« 


= 41. 


5x 


+ 4y» 


2« 


= 20. 


11 a; 


+ 7y» 


6e 


= 37. 



7. 



a? — iy + §« = 24. 
3 X -\- y -^ z= 46. 



ex + ay + hz 
bx -\- cy +az 

Ans. b + c - 



= a + ^ + ^. 
= a2 + ^ + c«. 

= cx + ay -\-hz, 

- a, a -\' c — by a + b 



— c. 



9. 



< 



2x = u + y-\'Z, 

Sy=sU+X + Z. 

^z = u -{-x -\- y. 
tt = a; — 14. 



4a; + 4y + » = 38. 
Sz + 2y^St:=4t. 
10. ^ a; — y + 2 ^ = 14. 
3^_2^ + w = 9. 
2^+.y = 21 
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^iW^. -^ Transposing the unknowns in 
9 to the first members and arranging in the 
order x, yy z, Uy we find that 



X = 






1 


1 


1 


0- 


-3 


1 


1 





1- 


-4 


1 


14 





0- 


-1 


?. 


1 


1 


1 


1 . 


-3 


1 


1 


1 


1- 


-4 


1 


1 








-1 



-14 





-•4 

0-6 


1 
1 
1 


-3 4 
0-4 
2 1- 




6 

-4 



-280 

-7 



40. 



The reduction has been effected accord- 
ing to 41, 42. When the determinant of 
the third order contains a number of zeros 
it is unnecessary to reduce it to a lower 
order, since it may easily be evaluated. 
In transforming determinants care should 
be taken to transform them in such a 
way as to lead to the smallest possible 
elements. 



1 



11. 
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J X +t/ + u ^11. 

I X + 2z -\- U =: 15. 



2 ax + hp — cz ss 2 a^ -^ i^ — c^, 
12. J^ ax-'2by+cz^ 0^ — 2 b^ + c*. 
ax — by — ^ (» = a* — ^ — c*. 



Consistence of Equations. 

57. Definition. — When the number of 
independent equations is equal to the 
number of unknowns, the equations are 
said to be consistent 

58. Definition. — When there is one 
more equation than unknowns, the equa- 
tions are inconsistent unless one of the 
equations is dependent. 

59. If a group of n simple equations 
involving n — 1 unknowns is consistent 
the determinant formed by writing the 
coefficients of the unknowns and the abso- 
lute terms in order equals 0. 

Demonstration. — Writing the absolute 
terms in the first members and denoting 
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— 1 by e, the* gencrral group in question 
becomes 

«! x + bi y + . . . + Zj « + Wi e = 0. 

• •• ••• ••• ••• ••• ~^~ • • • 

a« « + *n y + . . . + ^n « +m^ e = 0. 

Since all of these equations are satis- 
fied when e «= — r by hypothesis, they 
must evidently be satisfiable when e is re- 
garded as unknown. Considering e un- 
known and finding the values of the other 
unknowns by 66, we find that the deter- 
minants of the numerators reduce to O's^ 
since one of the columns (the absolute 
terms) consists of zeros: therefore the 
common denominator must equal zero, 
otherwise the. unknowns could have no 
value except zero. Q. E. D. 

60. If the value of a determinant van- 
ishes, at least one of its rows is dependent.^ 

Demonstration. — To a certain arbitrary 
multiple of the elements of the second 
column add arbitrary multiples of the cor- 
responding elements of all the other col- 
umns. The factors employed shall all be 

1 See Note A at the end. 
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finite, greater or less than zero, and be so 
chosen that none of the sums of the mul- 
tiples be zero. The determinanta may be 
written as follows : — 



A = 






a« 



Om • • Cm 



=cO 



A' = 






a. 



8m • • Cm 



= 



«i «8 . . . represent the sums of the mul- 
tiples. Hence 

A' = 5i Si — «2 Sj + . . . j- «„ S„ = 0. 

Therefore Si is expressible in terms of 8^ 
53 . . ., which proves the theorem. 

The above proof may seem to fail when 
all the principal minors, Si, S2 • . . are 
zero. In this case the minors are treated 
in the same way as the original determi- 
nant; and by repeating this process we 
shall see that either all of the elements in 
a column are zeros (which would prove 
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the theorem), or that one line is expres- 
sible in terms of the others, which woald 
again be a proof of the theorem. 

From the foregoing it follows directly 
that if the determinant formed by writing 
the coefficients and absolute terms of n 
equations containing n — 1 unknowns in 
order vanishes, the equations must be con- 
sistent. 

Illustrative Solution. — 



1. 



3a-h4^+2« = 10. 

Ax — y — « = 8. 
Gx-hSy — 2« = 6. 



= 0. 



3 


4 


2 


10 


1 


-5 


3 


12 


4 


-1 


-1 


8 


6 


8 


-2 


6 



For if, in the given determinant, the 
third row be added to the first, and the 
second to the fourth, the determinant will 
have two identical lines (41, 36). If we 
find the values of x, y, and z in any three 
equations, and substitute in the fourth, 
the equation will be satisfied (59). E.g., 
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10 4 
8-1 
6 8 



+ 3 



3 4 

4 -1 
6 8 



2 
1 
2 


-6 


3 
4 
6 


10 2 
8 - 1 
6 -2 




10 
8 
6 


^ 


12 


3 4 
4-1 - 

6 8 - 


2 
1 
2 



Combining the first and second, and the 
third and fourth, we obtain (40) 

-19 
-19 
-38 

38 -1 

61. Direction, — Find which of the fol- 
lowing groups of equations are consistent. 
Verify your results by substituting the 
values of the unknowns. 



5 2 
4-1 
3-2 


^6 


3 
4 
6 


4-1 
-1 -6 ' 

8—7 


-13 
-16 





6 
4 


-19 25 
20 



2. 



a 



2 a + 3 y = 10. 
6«-5y = -12. 
aj + 6y — 15. 

y = 4. 



X 



2x + Sy^9. 
5 aj + 3 3^ =s 30. 

3a; — 2y+5«=s4. 
— a; +4y + 3»=«8, 
2 a; — y +2« = 6. 
6a; + 2y + 7«=:12. 
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c jX-^y — z^B, 
«>• i aj-y+«=:3. 

62. If n simple simultaneous equations 

involving n unknowns are not independent; 

the value of each unknown takes the form 



- ; i.e., is indeterminate. 

For the determinant numerators and de- 
nominators will contain identical lines^ or 
may be transformed into determinants 
containing identical lines. 

Illustrative Solution, — 

ax -\- by + cz == m, 
^ •+ ey -\- az =n, 
(a + b)x + (b + c)y + (a + c)« = m + 7i. 

a b c 

b c a =s 0. 

a-^-b b -\- c c -{• a 

m b c 

n c a 

m -\- n b -\- c e +a 



X = 



y = 





a m c 

b n a 

a + 6 w + w c + a 






0* 



'0- 
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This shows that any orre of the un- 
knowns in the given set of equations may 
have an indefinite number of values. If 
we assign a fixed value to one of them, 
the others will also become fixed* The 
values of the unknowns are just as inde- 
terminate as, if only two equations were 
given. 

Homogeneous Equations op the First 

Degree. 

63. Definition, — A homogeneous equa- 
tion of the first degree is an equation all 
of whose terms contain an unknown factor 
of the first degree ; e.g., 2x +3y — ;sf = 
and a; — y = 0. 2aj+3y — i3J = 5is not 
homogeneous. 

64. When the number of homogeneous 
equations is equal to the ^number of un- 
knowns, all the unknowns equal zero, 
unless one equation is dependent. 

Demonstration. — Given 



{ 



oaj + fty = 0. 
ex -{• dy ^ss 0. 
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Then a; « ??^ » J^ ; .-. if a? and y are not 
a c 

h a 
equal to zero^ - « ~. Since the ratio of 

a c 

the coef&cients is the same in the two equa- 
tions, one may be obtained by multiplying 
the other by the ratio between the coeffi- 
cients of the same unknown; i.e., one 
equation is dependent. When there are 
more than two equations we may reduce 
them to two by elimination ; .-. the proof is 
general. 

Ulustratwe Solution, — 

2x'-3y + z^0. 

a; — y -— « = 0. 

Eliminating «, we obtain 

Sx — 4 y = 0. 
3 aj — y = 0. 

which are satisfied only when aj = y = 0. 
65. Any group of simple equations is 
satisfied by making all the unknowns equal 
to -t; infinity, since the ratios between in- 
finities are indeterminate. Any group of 
simple homogeneous equations is satisfied 
by making all the unknowns equal to 
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or -t; 00. In general work we are not 
concerned with the infinite values, but seek 
only the finite quantities, which satisfy 
the equation or set of equations. In 
homogeneous equations we generally seek 
for values differing from zero. 

66. When the number of homogeneous 
equations is one less than the number of 
unknowns, or when the number of equa- 
tions is equal to the number of unknowns, 
but one of the equations is dependent, etc., 
the values of the unknowns may generally 
be found in terms of one of the unknowns ; 
or, what is the same> the ratio which exists 
between the unknowns may be determined. 

Consider the three homogenous equa- 
tions 

( aiX + biy + CiZ = 0. 

( a^x 4- hy + c^z = 0. 
If z is not 0, we obtain the following : 

«! — h hi^ = — Ci. 



:5 + *.2=- 

z z 



a^ 



^S- + ^8^ = — ^8- 

z z 



S9 



^ 



ttl 


h 


Cl 


<h 


h 


Cj 


dz 


h 


«» 



Since we have three equations and only 
two unknowns^ one of the equations is de- 
pendent if they are consistent (59). The 
condition that these equations are consist- 
ent is 



= 0. 



From this we deduce the important prin- 
ciple. 

67. In order that n homogeneous equor 
tions, involving n unknowns, may be simuU 
taneousy it is necessary and sufficient that 
the determinant formed of the coefficients 
of the unknowns in order (the determinant 
of the system) equals 0. 

Examples. 

1. Which of these sets consists of simul- 
taneous equations ? 

2aj+2y — 32;=:0. 
a. •<{8a — y — «=0. 

34aj-_2i^ — 7«==0. 

x^2y — Sz =0. 
5. ^2x — y + 2y^0. 
aj — 3y — «=0. 
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Factors of a Determinant. 

68. When a determinant is equal to zero 
after x is substituted for y, y — a; is one of 

its factors. 

Demonstration, — LeJb A and A' represent 
the determinant before and after substitut- 
ing. 

Since A has some terms which contain 
y" as a factor by hypothesis, we have 

Where S, Si, Sj, . . . are the coefficients 
of the different powers of y and independ- 
ent of y, therefore they are unaltered by 
the substitution of x for y, .*. 

A' = Sa^ + Si« + SaX* + Ssoj' + . . . 

Subtracting, remembering that A' = 0, we. 
obtain 

A = Si(y-a:)+Sa(y^-««) + 

Hence A is divisible by y — a. The ele- 
ments of A are supposed to contain only 
positive integral powers of y. 
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Illtistrative Solution, — 
Given, 



«« 


X 


1 


y' 


y 


1 


a* 


a 


1 



Explanation, — When we substitute y 
for «, two lines become identical. There- 
fore a — y is a factor. For the same rea- 
son X — a, y — d are factors. It is not 
difficult to see that these are all the fac- 
tors, and that the determinant is equal to 
{x ^y) (y — a) (x — a). 

The given determinant could have been 
factored by subtracting the rows sepa- 
rately; e.g., subtracting the second row 
from the first, we find that x — y ia a fac- 
tor; subtracting the third row from the 
first, and we see that aj — a is a factor ; by 
subtracting the third row from the second, 
we find the remaining factor y — a. These 
successive transformations, which leave 
the determinant unaltered, are often very 
useful to discover the factors. We shall 
give one more example where the principle 
may be employed with advantage. 
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Prove that 



a 
b 
e 
d 



h 
a 
d 
c 



c d 

d c 

a b 

b a 



\ 



a + ^ + c + c?) (a -^-b 
a — b -{• c — d) (a — b 



c-d)X 
c + d). 



Exercise. 

1. Eliminate the anknowns from 

aiX + ftiy + Ci» + (]?i = 0. 

a^ + ^gy + ^2« + c^2 = 0« 
as^J + % + <TJ» + ^8 = 0. 
a^ + b^ + C4^ + d^ = 0. 

Suggestion. — Find the values of the 
unknowns from the first three equations 
and substitute these values for the un- 
knowns in the fourth equation. 

2. • Prove that 



«« 


1 


(O 


1 


1 


a> 


^ 


1 


1 


a>« 


1 


(a 


a> 


1 


1 


^ 



rs3 V-^- 



a> being one of the imaginary cube roots 
of unity. 

3. If all the elements on one side of 
the principal diagonal are O's, what is the 
value of the determinant ? 
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4. If all of the elements on one side of 
the secondary diagonal are O's, what is 
the value of the determinant ? 




II 
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Suggestion. — Subtracting the (n — 1)** 
row from the n**, the {n — 2)* from the 
(n — 1)**, etc., we obtain 







+ 



55 5. 
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Multiplication of Determinants. 



69. The notation 



a 




b 



indicates the 



product of a and b. 

When a and b are themselves determi- 
nants we see one role for determinant mul- 
tiplication ; as follows : — 

Place the determinants so that their 
principal diagonals together form the prin- 
cipal diagonal of a new determinant. Fill 
the places in one of the empty squares with 
O's, and in the other with any elements. 
The resulting determinant is the product 
of the given determinants. 



Illustration. — 



2 3 4 
15 1 
2 1 



X 



7 
3 



4 
4 



2 


3 


4 





-1 


1 


6 


1 











2 


1 





6 











7 


-4 











3 


4 



=9 440. 
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Solution. — 

2 3 4 
15 1 
2 1 



*l:l 



5 
3 



= 11. 



7 
3 



2 


3 


4 


1 


5 


1 





2 


1 





















-4 
4 




7 
3 



= 40. 

1 

6 
-4 
4 



11 X 40 = 440. 

11 0-11 

5 10 

2 10 6 

10 

3 4 



= -ixioxi 




1 




11 -11 

4 



= 440. 



70. The product of two determinants of 
the n^ order is a determinant of the »'* 
order. 

We shall multiply two determinants of 
the third order. The learner can easily 
see that the method employed is general. 



«! 


^1 


Ci 




di €i l\ 


a^ 


h. 


c% 


X 


d^ 62 1% 


dz 


h 


Ct 




dz 6i Iz 


ai 


h 




Ci 





a. 


h 




Oi 





^8 


h. 




Ct 





• 1 










di €1 li 





-1 







d% e^ I2 










1 


di ez Is 
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__ 


A] bi (!) 

«1 *» c* 

«• *» Ct 

-10 


<*8^l + ^8^« + <'8^8 





0-10 







0-1 





a^Si + biCi + c^et 

«8«i + b^Ct + Cte, 




(hh + bih + cJi 
a^li + bj^ + c,Z, 

iHl\ + bzl% + Ca^s 


















By 42 this reduces to 

^2^1 + ^2^2 + ^2^8 ^2^2 4" ^2^8 4" <^2^8 
a^rfi ^grfj 4" ^^8^8 ^8^1 4" ^8^ 4" ^8^8 



aili 4" ^1^2 4" ^\h 
^2^1 4" ^2^2 4" ^2^2 
(lzl\ 4- ^8^1 4" ^8^8 



Making the rows of (d^ e^ l^) its columns 
(34), we find the following rule for the 
multiplication of determinants of the same 
order. 
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Determinant Multiplication. 

Method, — Multiply the elements of the 
first row of A ^ by the corresponding ele- 
ments of the first row of A', the sum of 
the products is the first element in the 
first column of A". 

Multiply the elements of the second row 
of A by the corresponding elements of the 
first r©w of A'. The sum of the products 
is the second element in the first column 
of A". 

Multiply the elements of the remaining 
rows of A by the corresponding elements 
of the first row of A', The sums of the 
products are the third, fourth, etc., ele- 
ments in the first column of A''. 

To find the elements of the second col- 
umn of A", we multiply by the elements 
of the second row of A', and proceed in a 
similar way, etc. 

The method may be easily learned by 
studying the following solutions, and then 
performing the operations without refer- 
ring to the book. 

1 A = multiplicand ; A' = multiplier ; A'' = product. 
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1. 



2 3 

1 4 



X 



1 -2 

9 7 



2.1-3.2 2.9 + 3.7 
1.1-4.2 1.9+4.7 



= 125. 



2. 



2 4 3 
10 2 
14 2 



X 



12 4 
2 3 1 
10 2 



2.1 + 4.2 + 3.4 2.2 + 4.3 + 3.1 
1.1 + 0.2 + 2.4 1.2 + 0.3 + 2.1 
1.1 + 4.2 + 2.4 2.2 + 4.3 + 2.1 



2.1 + 4.0 + 3.2 
1.1 + 0.0 + 2.2 
1.1 + 4.0 + 2.2 



22 

9 

17 



19 8 

4/6 

H 5 



71. By transforming A and A' according 
to 34, A" will assume eight different forms. 

Demonstration. — The product may be 
obtained by any one of the following 
methods, r X ^'> ^ X c', c X *^> ^ X c'> 
/ X ^> ^ XCf cf y,ry c' X c •• where r, c =» 
rows and columns of A^ and /, c' = rows 
and columns of A'. 
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Illustrative Solution. — 



a 
c 



h 
d 



X 



e 
9 



f 
h 



ae+bg af+bh 
ce + dg cf-^-dh 



ae + bf ag + bh 
ce^df eg -\-dh 



ae '\'Cf a^ + ch 
be 4- df bg +dh 



ae -\- eg af -\- eh 

be + dg bf+dh 

ae '\'bf ce + df 

ag ^bh eg -■{- dh 

ae -^bg ce + dg 

af'+bh cf+dh 

ae + cf be + df 

ag + cA bg -^r dh 

ae -{-eg be -\- dg 

af+eh bf + dh 



Observations, — All of these products may 
be obtained by multiplying rows by rows, 
according to method, page 98, after A and 
A' have been transformed (34). . All of 
the products equal aedh + bcfg — adfg — 
bceh. Interchanging multiplier and multi- 
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plicand interchanges the rows and columns 
of the product. The product will assume 
the same number of forms when the deter- 
minants are of a higher order. 

72. When the determinants to be multi- 
plied are of different orders, they should 
be transformed into determinants of the 
same order before multiplying (43, 46). 



Prove that 



1. 



2 3 
4 1 



X 



5 

8 



Exercise. 



6 

7 



28 37 
26 ? 



= 130. 



2. 



1 
2 
4 
2 



1 1 

4 1 

1 2 

4 2 



4 

8 

13 

11 



X 



2 
4 



4 
2 

7 



-3 

6 

-1 



= 750. 



3. 



Ui bi i 

dz ^8 < 




2 


Ai 
-A, 

A, 


= 


A 

A 
A 


^1 B 

■8 B 


i c, 

2 Cj 
8 Cs 



Bi 
B, 
B, 



Ci 
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NoTB. — It is worthy of observation that a deter- 
minant is not altered by changing the signs of all the 
elements whose row numbers and column numbers 
are odd. If the order of the determinant is even the 
signs of all the elements may be changed. 



Suggestion, — 
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h 


Cl 
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bi C2 


X 


-A, 


B. 
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bs Cg 
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ai bi 


Cl 
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as 


bs 


Cb 
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2,53 



c, 
c. 



4. 


2 

1 
5 


3 

4 

12 


1 

5 

' 14 


3 




4 5 
12 14 


— 


1 5 
5 14 




1 4 
5 12 


3 1 
12 4 




2 1 
5 14 


— 


2 3 
5 12 


3 
4 


1 
5 




2 1 
1 5 




2 3 
1 4 



5. 



Ai Bi . . . Jji 

■A.2 1^2 • • • -^2 



■^n ■t'n • • • -L'n 



CJj vj • • • Cj 
0-2 VQ • • • Cc 



'2 • • 



an bn .. 



'» 



n-H 
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Suggestion, — The product of (ai b^ , , . 
Cn) X (Ai Bg . . . L„) is (ai b^ . . . c„)»; 
dividing by {cli b^ , , . Cn), we obtain the 
required result. 



6. 



a — ib - 
c + id 


a + ib 


X 


e-if 
g + ih 




■ g + ih 
e + if 


= 


A-iB -C+iD 
C + tD A + iB 


• 




• 
t 

A 

B 

C 

D 


v-1. 

ae — ^/ + 5^^ — ^^• 
(if+ be + ch -}- dg. 

ce + df -— ag — bh, 

ah + de —by — cf. 





The result of problem 6 may be stated. 
The product of two sums, each consisting 
of four squares, is itself the sum of four 
squares. This is Euler's Theorem. 
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Special Forms. 

^ 73. The general equation of the second 
degree, involving two variables, is fre- 
quently written as follows : 

ax^ + by^ + 2 hxy.+ 2 gx + 2fy + c = 0. 

The condition that this equation repre- 
sents two planes, or two straight lines in 
the xy plane, is that the following equa- 
tions should be satisfied: 

du /v du /v. 
ax ay 

In these equations u stands for the first 
member of the original equation. This con- 
dition may also be expressed as follows : 

o du du A du A du ^ 

2u-x—.-y—.=0,-- = 0,-- = 0. 

dx dy dx dy 

From the theory of homogeneous func- 
tions (quantics), we know that the opera- 
tion 2m — aj-^ — y-^ will remove the 

dx dy 

terms of the second degree from Uy hence 

^ Students not familiar with Differential Calcu- 
lus may omit this article. 
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we can write the above conditions in the 
following form : 

ax -\- hy -\- ff = 0, 
hx+hy-\-f = 0, 

gx +fy + c ==0. 

The condition that these equations are 
consistent is (59) : 



= 0. 



74 Using two subscripts with each 
element, the first to indicate the row and 
the second the column in which the ele- 
ment occurs, A may be written thus, 



a 


h 


9 


h 


b 


f 


9 


f 


c 



«11 

^21 



^12 
^22 






a 



nl 



a 



n 2 



a 



nn 



(III, ^22> ^SSy • • • ^nn ^-^d a„ j, a„_i 29 ^n— 2 8> 

. . . ai n are the elements in the Principal 
and Secondary Diagonals respectively. 

Employing this notation for the last de- 
terminant in the preceding article, we have 
ai2 = a2if diz = a^if and a^s = «82» If io- 
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a determinant a^ = an, where ^ and ,- have 
any positive integral values from i to „, the 
determinant is said to be a symmetrical 
determinant. The last A in the preceding 
article is a symmetrical A. 

75. Symmetrical determinants occur 
very frequently. We proceed to study a 
method by which they may be readily 
developed. We shall first develop the 
general A. 



an 

^21 



ai2 

^22 



a 



n 1 



a 



n 2 



^18 
^28 

• • . 



... aifi 

... ^2 n 



a 



«i«i 



Designating the co-factors (50) of the 
elements of the principal minor of A cor- 
responding to ail ^y Pik\ e-g-> /^a* = — 
(^22 ^48 ^55... a„„), it is seen directly 
that, 



A = ail -A-ii — \a2i a^ P22 + «2i «i8 ^28 + 

«21 »14 /524 + • • • + «^21 «ln /52 n + «81 
»12 ^^82 + «81 «18 PzS + ^81 Cti4 ^84 + 

. , . -|- a^i ^1 u ps n "T • • • $* 
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This expansion is called Cauchy's The- 
orem. It may be written in the form, 

A = ail All — S a, 1 ai * Pa 
i and A; == 2, 3, 4, . . . n. 

When A is symmetrical, this formula 
becomes, 

A = an All — S a?i fin — 2 :S, ai i a^t i put. 

In the last determinant in (72) An = 
be — /V )8tt = c,b ; fin = — /. Hence its 
development is abc — af^ — h^c — g^b + 
2/^A. 

Elimination. 
76. Given, 

ax"^ + bx"^-^ + ca;'"-^ + . . . + Z = 0, 
a^ x» + ^1 a;«-^ + c^ x""-^ + . . . + Z^ = 0. 

We may eliminate x and find the rela- 
tion between the constant coeflBicients as 
follows : 

' Multiply the first equation by aj, ti — 1 
times ; and the second m — 1 times ; and 
eliminate x from the m +n resulting 
equations ; e.g. : 

ax^ + hx^ -\- ex -\- d = 0, 
'px^ -\- qx -{- r = 0, 
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The m + w equations are, 





X>x^ 4- gra; + r = 0, 


jpx^ -\- qx^ -\-rx — 0, 


jpx^ + 2'^* + '^ = 0, 


ax^ + ^aj2 + ca; + t^ = 0, 


ax* + ^aj' + ^^^ -\- dx =0. 


The condition of consistency is, 




jt? g' r 






^ g' r 






JO g' r 


= 0. 




a ft c c^ 






a h c c? 





This method is known as Sylvester's 
Dialytic Method. It is not necessary to 
regard the coefficients of x constants. 
They may be functictos of variables. 

Direction, — Eliminate x from the fol- 
lowing equations : 

1. {y — 1) x^ + yx 

yx 






2. 3 «« — 2^a; + 4 y = 0, 



xy 



^ = 0,) 
= 12. f 



3. yx^ -. (y* — Sy -1) x + y = 



X' 



-y' + 3 



= 0.| 



X 



a 



2/ = 7 



+ ar* — 3 ary, ) 
= 10~2a!y. \ 
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Note A. 

If the determinant of the second order van- 
ishes, i.e., if 

«i &i 



= 0, 



>2 ^2 

we must have aib2 — a2^i — 0. Dividing this by 
a2&2> ^6 obtain, in general, 

«i - ^1 



Oa 62 

This equation indicates tliat the first row is 
dependent upon the second. 

If the determinant of the third order vanishes, 
i.e., if 

tti bi Ci 

(I2 ^2 ^2 
(I3 1)3 C3 



= 0, 



we may add to the first row multiples of the 
other two rows, so as to make at least two ele- 
ments in the first row vanish, since the equations 

ajX + a^y _ a^ = 0, 
^2^ + b^y — 61 = 0, 

can be solved. If the values of x and y thus 
found be represented by Xi and y^, and the 
equation 

Ca^i + c^y — Ci = 

is satisfied, the first row of a is dependent upon 
the other two rows. When the last equation is 
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not satisfied, we obtain, by developing ^' in terms 
of tbe principal minors of the first row, 



(CaXi + Cay — Ci) 



= 0. 



a2 62 
eta ^3 

Since the first factor is by hypothesis, finite 
Ci = 0, it can be shown in a similar manner 
that Ai = Bi = Oat the same time. Hence, if 
A = 0, either the first row must be dependent 
upon the other two, or the principal minors corre- 
sponding to the elements of the first row must all 
vanish; i. e., Ai = B^ = Cj = 0. 

When the last condition is fulfilled, the last two 
rows can be shown to be dependent by the method 
employed in the first part of this note; and hence, 
in either of the two cases, when a = 0, one row, 
at least, is dependent. When all the principal 
minors corresponding to the elements of two par- 
allel lines in a vanish, two rows of a must be 
dependent. This method of proof may readily be 
applied to determinants of higher orders. 
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Corresponding Diagrams, with numerous details for 
practical application, etc. Fourth edition, xamo, 
cloth 2 50 

BUTTON (W. S.) Steam-Boiler Construction. A Prac- 
tical Hand-book for Engineers, Boiler Makers, and 
Steam Users. With upwards of 300 illustrations. 
8vo, cloth 7 00 
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ISHERWOOD (B. F.) Engineering Precedents for 
Steam Machinery. Arranged in the most practical 
and useful manner for Engineers. With illustrations. 
2 vols, in X. 8vo, cloth a 50 

JAMIESON (ANDREW, C.E.) A Text-book on Steam 
and Steam-Engines. Illustrated, ismo, cloth 3 00 

Elementary Manual on Steam and the Steam-En- 

gine. lamo, cloth z 40 

JANNETTAZ (EDWARD). A Guide to the Determina- 
tion of Rocks ; being an Introduction to Lithology. 
Translated from the French by Professor G. W. 
Plympton. xamo, cloth x 50 

JONES (H. CHAPMAN). Text-book of Experimental 
Organic Chemistry for Students. i8mo, cloth z 00 

JOYNSON (F. H.) The Metals used in Construction. 
Iron, Steel, Bessemer Metal, etc. Illustrated, xamo, 
cloth 75 

Designing and Construction of Machine Gearing. 

Illustrated. 8vo, cloth 2 00 

KANSAS CITY BRIDGE (THE). With an Account of 
the Regimen of the Missouri Kiver and a Description 
of the Methods used for Founding in that River. By 
O. Chanute, Chief Engineer, and George Morrison, 
Assistant Engineer. Illustrated with 5 lithographic 
views and 12 plates of plans. 4to, cloth — 6 00 

KAPP (GISBERT, C.E.) Electric Transmission of 
Ener^ and its Transformation, Subdivision, and Dis- 
tribution. A Practical Hand-book, ismo, cloth 300 

KEMPE (H. R.) The Electrical Engineer's Pocket 
Book of Modern Rules, Formulie, Tables, and Data. 
Illustrated, samo, mor. gilt x 75 

KING (W: H.) Lessons and Practical Notes on Steam. 
The Steam-Engine, Propellers, etc., for Young Ma- 
rine Engineers, Students, and others. Revised by 
Chief Engineer J. W. King, United States Navy. 
Svo, cloth a 00 

KIRKALDY (WM. G.) Illustrations of David Kir- 
kaldy's System of Mechanical Testing, as Originated 
and Carried On by him during a Quarter of a Century. 
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Comprisinfi;^ a Large Selection of Tabulated Results, 
showing- tne Stren$rth and other Properties of Ma- 
terials used in Construction, with Explanatory Text 
and Historical Sketch. Numerous engravings and 25 
lithographed plates. 4to, cloth 3500 

KIRKWOOD (JAS. P.) Report on the Filtration of 
River Waters for the supply of Cities, as practised in 
Europe. Illustrated by 30 double-plate engravings. 
4to, cloth ... 15 00 

LARRABEE (C. S.) Cipher and Secret Letter and Tele- 
graphic Code, with Hog's Improvements, idmo, 
cloth 60 

LARDBN (W., M. A.) A School Course on Heat. i2mo, 
half leather 200 

LEITZE (ERNST). Modern Hellographic Processes. 
A Manual of Instruction in the Art of Reproducing 
Drawings, Engravings, etc., by the action of Light. 
With 32 wood-cuts and ten specimens of Heliograms. 
8vo, cloth. Second edition 300 

LOCKWOOD (THOS. D.) Electricity, Magnetism, and 
Electro-Telegraphy. A Practical Guide for Students, 
Operators, and Inspectors. 8vo, cloth. Third edi- 
tion 2 50 

LODGE (OLIVER J.) Elementary Mechanics, includ- 
ing Hydrostatics and Pneumatics. Revised edition. 
i2mo, cloth I 2o 

LOCKE (ALFRED G. and CHARLES G.) A Practical 
Treatise on the Manufacture of Sulphuric Acid. 
With 77 Constructive Plates drawn to Scale Measure- 
ments, and other Illustrations. Royal 8vo, cloth 15 00 

LOVELL (D. H.) Practical Switch Work. A Hand- 
book for Track Foremen. Illustrated. i2mo, cloth., x 50 

LUNGE (GEO.) A Theoretical and Practical Treatise 
on the Manufacture of Sulphuric Acid and Alkali with 
the Collateral Branches. Vol. I. Sulphuric Acid. 
Second edition, revised and enlarged. 342 Illustra- 
tions. Bvo., cloth 15 00 

and HUNTER F.) The Alkali Maker's Pocket- 

Book. Tables and Analytical Methods for Manufac- 
turers of Sulphuric Acid, Nitric Acid, Soda, Potash 
and Ammonia. Second edition. i2mo, cloth — 3 00 
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MACCORD (Prof. C. W.) A Practical Treatise on the 
Slide- Valve by Eccentrics, examining by methods the 
action of the Eccentric upon the blide- Valve, and 
explaining^ the practical processes of laying out the 
movements, adaptinfir the Valve for its various duties 
in the Steam-Eng^ine. Illustrated. 4to, cloth. a 50 

MAYER (Prof. A. M.) Lecture Noies on Physics. 8vo. 
cloth 3 00 

McCULLOCH (Prof. R. S.) Elementary Treatise on the 
Mechanical Theory of Heat, and its application to Air 
and Steam Engines. 8vo, cloth 3 50 

MERRILL (Col. WM. E., U. S. A.) Iron Truss Bridges 
for Railroads. The method of calculating strains in 
Trusses, with a careful comparison of the most promi- 
nent Trusses, in reference to economy in combination, 
etc. Illustrated. 4to, cloth 500 

METAL TURNING. By a Foreman Pattern Maker. 

Illustrated with 8x engravings, xamo, cloth x 50 

MINIFIE(WM.) Mechanical Drawing. A Text-book of 
Geometrical Drawing for the use of Mechanics and 
Schools, in which the Definitions and Rules of Geom- 
etry are familiarly explained ; the Practical Problems 
are arran^d from the most simple to the more com- 
plex, and in their description technicalities are avoided 
as much as possible. With illustrations for Drawing 
Plans, Sections, and Elevations of Railways and Ma- 
chinery ; an Introduction to Isometrical Drawing, and 
an Essay on Linear Perspective and Shadows. Illus- 
trated with over 900 diagrams engraved on steel. 
With an appendix on the Theory and Application of 
Colors. Bvo, cloth 4 00 

— (reometrical Drawing. Abridged from the octavo 
edition, for the use 01 schools. Illustrated with 48 
steel plates. Ninth edition. lamo, cloth a 00 

MODERN METEOROLOGY. A Series of S« Lectures, * 
delivered under the auspices of the Meteorological 
Society in x878* Illustrated, xamo, cloth 150 

MOONEY (WM.) The American Gas Engineers* and 
Superintendents* Hand-book, consisting of Rules, 
Reference Tables, and original matter pertaining to 
the Manufacture, Manipulation, and Distribution of 
Illuminating Gas. Illustrated, xamo, morocco 3 00 
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MOTT (H. A., Jun.) A Practical Treatise on Chemistry 
(Qualitative and Quantitative Analysis), Stoichi- 
ometry. Blow-pipe Analysis, Mineralogy, Assasrinfir, 
Pharmaceutical Preparations, Human Secretions, 
Specific Gravities, Weis^hts and Measures, etc. New 
Edition, X883. 650 pages. 8vo, cloth 4 00 

MULLIN OOSBPH P., M.S.) Modem Moulding and 
Pattern-making. A Practical Treatise upon Pattem- 
Shop and Foundry Work : embracing the Moulding 
of Pulleys, Spur Gears, Worm Gears, Balance-wheels, 
Stationary Engine and Locomotive Cylinders, Globe 
Valves, Tool work, Mininff Machinery, Screw Pro- 
pellers, Pattern-shop Machinery, and the latest im- 
provements in English and American Cupolas ; 
together with a large collection of original and care- 
fully selected Rules and Tables for every-day use in 
the Drawing Office, Pattern-shop, and Foundry, 
xamo, cloth, illustrated 3 50 

MUNRO GOHN, C.E.) and JAMIESON (ANDREW, 
C.E.) A Pocket-book of Electrical Rules and 
Tables for the use of Electricians and Engineers. 
Seventh edition, revised and enlarged. With numer- 
ous diagrams. Pocket size. Leatner 3 50 

MURPHY (T. G., M.E.) Practical Mining. A Field 
Manual for Mining Engineers. With Hints for In- 
vestors in Mining Properties. x6mo, morocco tucks. . x 50 

NAQUET (A.) Legal Chemistry. A Guide to the De- 
tection of Poisons, Falsification of Writings, Adulter- 
ation of Alimentaiy and Pharmaceutical Substances, 
Analysis of Ashes, and examination of Hair, Coins, 
Arms, and Stains, as applied to Chemical Jurispru- 
dence, for the use of Chemists, Physicians, Lawyers, 
Pharmacists and Experts. Translated, with addi- 
tions, including a list of books and memoirs on Toxi- 
cology, etc., from the French, by J. P. Battershall, 
Ph.D., with a preface by C. F. Chandler, Ph.D., 
M.D., LL.D. xamo, cloth 3 00 

NEW ALL (J. W.) Plain Practical Directions for Draw- 
ing, Sizing and Cutting Bevel-Gears, showing how the 
Teeth may be cut in a plain Milling Machine or Gear 
Cutter so as to give them a correct shape, from end 
to end ; and showing how to ^et out all particulars for 
the Workshop without making any Drawings. In- 
cluding a full set of Tables of Reference. Folding 
Plates, 8vo., cloth 3 00 
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NEWLANDS (TAMES). The Carpenter'9 and Joiners' 
Assistant : being a Comprehensive Treatise on the 
Selection, Preparation and Strength of Materials, and 
the Mechanical Principles of Framing, with their 
application in Csu^ntry, Joinery, and Hand-Railing'; 
also, a Complete Treatise on Sines ; and an illustrated 
Glossary of Terms used in Architecture and Building. 
Illustrated. Folio, half mor 15 00 

NIBLETT (J. T.) Secondary Batteries. Illustrated. 

i3mo, cloth I 50 

NIPHER (FRANCIS E., A.M.) Theory of Magnetic 
Measurements, with an appendix on the Method of 
Least Squares. i2mo, cloth i 00 

NOAD (HENRY M.) The Students' Text-book of Elec- 
tricity. A new edition, carefully revised. With an 
Introduction and additional chapters by W. H. 
Preece. With 471 illustrations. i2mo, cloth 4 00 

NUGENT (E.) Treatise on Optics ; or. Light and Sight 
theoretically and practically treated, with the appli- 
cation to Fine Art and Industrial Pursuits. With 103 
illustrations. x2mo, cloth z 50 

PAGE (DAVID). The Earth's Crust, a Handy Outline 
of Geology. i6mo, cloth 75 

PARSONS (Jr., W. B., C.E ) Track, a Complete Man- 
ual ot Maintenance of Way, according^ to the Latest 
and Best Practice on Leading American Railroads. 
Illustrated. 8vo, cloth 2 00 

PEIRCE (B.) System of Analytic Mechanics. 410, 

cloth 10 00 

PHILLIPS (JOSHUA). Engineering Chemistry. A 
Practical Treatise for the use of Analytical Chemists, 
Engineers, Iron Masters, Iron Founders, students and 
others. Comprising methods of Analysis and Valu- 
ation of the principal materials used in Engineering 
works, with numerous Analyses, Examples and Sug- 
gestions. 314 Illustrations. 8vo, cloth 4 00 

PLANE TABLE (THE). Its Uses in Topographical 

Surveying. Illustrated. 8 vo, cloth 2 00 

PLATTNER. Manual of Qualitative and Quantitative 
Analysis with the Blow-pipe. From the last German 
edition, revised and enlarged, by Prof. Th. Richter. 
of the Royal Saxon Mining Academy. Translated by 
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Prof. H. B. Cornwall, assisted by John H. Caswell. 
Illustrated with 87 wood-cuts and one lithographic 
plate. Fourth edition, revised. 560 pages. 8vo, 
cloth 500 

PLANTE (GASTON). The Storage of Electrical En- 
ergy, and Researches in the Effects created by Cur- 
rents, combining Quantity with High Tension. 
Translated from the French by Paul B. Elwell. 89 
illustrations. 8vo 4 00 

PLYMPTON (Prof. GEO. W.) The Blowpipe. A 
Guide to its use in the Determination of Salts and 
Minerals. Compiled from various sources. z2mo, 
cloth I 50 

POOLE JOSEPH). The Practical Telephone Hand- 
book and Guide to the Telephonic Exchange. 227 
illustrations, xamo, cloth x 00 

POPE (F. L.) Modern Practice of the Electric Tele- 

Saph., A Technical Hand-book for Electricians, 
anagers and Operators. New edition, rewritten 
and enlarged, and fully illustrated. 8vo, cloth x 50 

PRAY (Jr., THOMAS). Twenty Years with the Indi- 
cator ; being a Practical Text- book for the Engineer 
or the Student, with no complex Formulae. Illustrated. 
8vo, cloth 2 50 

PRACTICAL IRON-FOUNDING. By the author of 
" Pattern Making," etc., etc. Illustrated with over one 
hundred engravings. z2mo, cloth z 50 

PREECE (W. H.) and MAIER (J.) The Telephone. 
Illustrations and Plates. i2mo, cloth 4 00 

PRESCOTT (Prof. A. B.) Organic Analysis. A Manual 
of the Descriptive and Analytical Chemistrv of certain 
Carbon Compounds in Common Use ; a (ruide in the 

gualitative and Quantitative Analysis of Organic 
Materials in Commercial and Pharmaceutical Assays, 
in the estimation of Impurities under Authorized 
Standards, and in Forensic Examinations for Poisons, 
with Directions for Elementary Organic Analjrsis. 
8vo, cloth 500 

— — — Outlines of Proximate Organic Analysis, for the 
Identification, Separation, and Quantitative Deter- 
mination of the more commonly occurring Organic 
Compounds. x2mo, cloth x 75 
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PRESCOTT (Prof. A. B.) First Book in Qualitative 

Chemistry. Fifth edition, xamo, cloth . . x 50 

and OTIS COE JOHNSON, Qualitative Chemical 

Analysis. A Guide in the Practical Study of Chem- 
istry and in the work of Analysis. Revised edition. 
With Descriptive Chemistry extended throug^hout. ... 3 50 

PRITCHARD (O. G.) The Manufacture of Electric 
Light Carbons. Illustrated. 8vo, paper 60 

PULSIFER (W. H.) Notes for a History of Lead. 8vo, 
cloth, gilt tops 4 00 

PYNCHON (Prof. T. R.) Introduction to Chemical 
Physics, designed for the use of Academies, Colleges, 
and High Schools. 269 illustrations on wood. Crown 
8vo, cloth 3 00 

RANDALL (J. E.) A Practical Treatise on the Incan- 
descent Lamp. Illustrated . z6mo, cloth 50 

(P. M.) Quartz Operator's Hand-book. New edi- 
tion, revised and enlarged, fully illustrated, xamo, 
cloth 3 00 

RAFTER (GEO. W.) Sewage Disposal in the United 
States. Illustrated. Cloth (In Press.) 

RANKINE (W. T. MACQUORN^ C.E., LL.D., F.R.S.) 
Applied Mechanics. (Comprising the Principles of 
Statics and Cinematics, and Theory of Structures, 
Mechanism, and Machines. With numerous dia- 
grams. Thoroughly revised by W. J. Millar. Crown 
8vo, cloth 5 00 

Civil Engineering. Comprising Engineering Sur- 
veys, Earthwork, Foundations, Masonry, Carpentry, 
Metal-work, Roads, Railways, Canals, Rivers, Water- 
Works, Harbors, etc. With numerous tables and 
illustrations. Thoroughly revised by W. J. Millar. 
Crown 8vo, cloth 6 50 

Machinery and Millwork. Comprising the Geom- 

try. Motions, Work, Strength, Construction, and 
Objects of Machines, etc. Illustrated with nearly ?oo 
woodcuts. Thoroughly revised by W. J. Milfer. 
Crown 8vo, cloth 5 00 

.The Steam-Enfine and Other Prime Movers. 

With diagram of the Mechanical Properties of Steam, 
^ folding plates, numerous tables and illustrations. 
Thoroughly revised by W. J. Millar. Crown 8vo, 
cloth 500 




RANKINE (W. J. MACQUORN. C.E., LL.D., F.R.S.) 
Useful Rules and Tables for Engineers and Others. 
With Appendix, tables, tests, and formulae for the use 
of Electrical Engineers. Comprising Submarine 
Electrical Engineering, Electric Lighting, and Trans- 
mission of Power. By Andrew Jamieson, C.B., 
F.R-S.E. Thoroughly revised by W. J. Millar. 
Crown 8vo, cloth 4 oo 

A Mechanical Text-book. By Prof. Macquorn 

Rankine and E. F. Bamber, C.E. With numerous 
illustrations. Crown, 8vo, cloth 3 50 

REED'S ENGINEERS' HAND-BOOK, to the Local 
Marine Board Examinations for Certificates of Com- 
petency as First and Second Class Engineers. By 
W. H. Thorn. Illustrated. 8vo, cloth 4 50 

RICE (Prof. J. M.) and JOHNSON (Prof. W. W.) On a 
New Method of obtaining the Differential of Func- 
tions, with especial reference to the Newtonian Con- 
ception of Rates or Velocities, xzmo, paper 50 

RIPPER (WILLIAM). A Course of Instruction in Ma- 
chine Drawing and Design for Technical Schools and 
Engineer Students. With 52 plates and numerous 
explanatory engravings. Folio, cloth 7 50 

ROEBLING (J. A.) Lon^ and Short Span Railway 
Bridges. Illustrated with large copperplate engrav- 
ings of plans and views. Imperial folio, cloth 25 00 

ROGERS (Prof. H D.) The Geology of Pennsylvania. 
A Government Survey, with a General View of the 
Geology of the United States, essays on the Coal 
Formation and its Fossils, and a description of the 
Coal Fields of North America and Great Britain. 
Illustrated with plates and engravings in the text. 3 
vols. 4to, cloth, with portfolio of maps 15 00 

ROSE (JOSHUA, M.E ) The Pattern-makers' Assistant. 
Embracing Lathe Work, Branch Work, Core Work, 
Sweep Work, and Practical Gear Constructions, the 
Preparation and Use of Tools, together with a large 
collection of useful and valuable Tables. Sixth 
edition. Illustrated with 250 engravings. Svo, cloth. 2 50 

Key to Engines and Engine- Running. A Practi- 
cal Treatise upon the Management of Steam Engines 
and Boilers, for the Use of Those who Desire to Pass 
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an Examination to Take Charge of an Engine or 
Boiler. With numerous illustrations, and Instruc- 
tions upon Eng^ineers* Calculations, Indicators, Dia- 
fiframs, Engine Adjustments, and other Valuable 
Information necessary for Engineers and Fiiemen. 
lamo, cloth 3 oo 

SABINE (ROBERT). History and Progress of the 
Electric Telegraph. With descriptions of some of 
the apparatus. i2mo, cloth 135 

SAELTZER (ALEX.) Treatise on Acoustics in connec- 
tion with Ventilation, zamo, cloth 100 

SALOMONS (Sir DAVID, M.A.) Electric Light Instal- 
lations, and the management of Accumulators. New 
edition, revised and enlarged, with numerous illustra- 
tions, zamo, cloth z 50 

SAUNNIER (CLAUDIUS). Watchmaker's Hand-book. 
A Workshop Companion for those engaged in Watch- 
making and allied Mechanical Arts. Translated by 
J. Tripplin and E. Rigg. lamo, cloth 3 50 

SEATON (A. E.) A Manual of Marine Engineering. 
Comprising^ the Designing, Construction, and Work- 
ing of Marine Machinery. With numerous tables and 
illustrations. loth edition. 8 vo, cloth 5 00 

SCHUMANN (F.) A Manual of Heating and Ventila- 
tion in its Practical Application, for the use of Engi- 
neers and Architects. Embracing a series of Tables 
and Formulae for dimensions of heating, flow and 
return pipes for steam and hot-water boilers, flues, 
etc. zamo, illustrated, full roan z 50 



Formulas and Tables for Architects and Engineers 



in calculating the strains and capacity of structures in 
Iron and Wood, zamo, morocco, tuclcs z 50 

SCRIBNER (J. M.) Engineers* and Mechanics' Com- 

S anion. Comprising United States Weights and 
[easures. Mensuration of Superfices, and Solids, 
Tables of Squares and Cubes, Square and Cube 
Roots, Circumference and Areas of Circles, the Me- 
chanical Powers, Centres of Gravity, Gravitation of 
Bodies, Pendulums, Specific Gravity of Bodies, 
Strength, Weight, and Crush of Materials, Water- 
Wheels, Hydrostatics, Hydraulics, Statics, Centres of 
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Percussion and Gyration, Friction Heat, Tables of 
the Weight of Metals, Scantling, etc. Steam and 
the Steam-Engine. i6mo, full morocco i 50 

SCHBLLBN (Dr. H.) Magneto- Electric and Djrnamo- 
Blectric Machines: their Construction and Practical 
Application to Electric Lighting, and the Trans- 
mission of Power. Translated from the third (rerman 
edition by N. S. Keith and Percy Neymann, Ph.D. 
With very large additions and notes relating to 
American Machines, by N. S. Keith. Vol. x, with 
353 illustrations , 5 00 

SHIELDS (J. E.) Notes on Encrineering^ Construction. 
Embracing^ Discussions of the Principles involved, 
and Descriptions of the Material employed in Tun- 
nelling, Bridging, Canal and Road Building, etc. 
xamo, cloth x 50 

SHREVE (S. H.) A Treatise on the Strength of Bridges 
and Roofs. Comprising the determination of Alge- 
braic formulas for strains in Horizontal, Inclined or 
Rafter, Triangular, Bowstring, Lenticular, and other 
Trusses, from fixed and moving loads, with practical 
applications, and examples, for the use of Students 
and Engineers. 87 woodcut illustrations. 8vo, cloth. 3 50 

SHUNK (W. F.) The Field Engineer. A Handy Book 
of Practice in the Survey, Location, and Truck-work 
of Railroads, containing a large collection of Rules 
and Tables, original and selected, applicable to both 
the Standard and Narrow Gauge, and prepared with 
special reference to the wants of the young Engineer. 
Ninth edition. Revised and Enlarged. i2mo, mo- 
rocco, tucks — 2 50 

SIMMS (F. W.) A Treatise on the Principles and Prac- 
tice of Levelling. Showing its application to pur- 
poses of Railwav Engineering, and the Construction 
of Roads, etc. Revised and corrected, with the addi- 
tion of Mr. Laws^ Practical Examples for setting out 
Railway Curves. Illustrated. Svo, cloth 2 50 



Practical Tunnelling. Explaining in detail Setting- 



out of the Work, Shaft-sinking, Sub-excavating, Tim- 
bering, etc., with cost of work. Svo, cloth 7 50 
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SLATER (J. W.) Sewage Treatment, Purification, and 
Utilization. A Practical Manual for the Use of Cor- 

f orations, Local Boards, Medical Officers of Health, 
nspectors of Nuisances, Chemists, Manufacturers, 
Riparian Owners, Engineers, and Rate-payers. lamo, 
cloth «- 2 25 

SMITH (ISAAC W., C.E.) The Theory of Deflections 
and of Latitudes and Departures. With special 
applications to Curvilinear Surveys, for Alignments 
of Railway Tracks. Illustrated. i6mo, morocco, 
tucks 3 00 

(GUST A VUS W.) Notes on Life I nsurance. The- 
oretical and Practical. Third edition. Revised and 
enlarged. 8vo, cloth 2 00 

STAHL (A. W.) and WOODS (A. T.) ElemenUry 
Mechanism. A Text-book for Students of Mechanical 
Engineering. x2mo, cloth 2 00 

STALEY (CADY) and PIERSON (GEO. S.) The Sep- 
arate System of Sewerage : its Theory and Construc- 
tion. 8vo, cloth. With maps, plates, and numerous 
illustrations. 8vo, cloth 3 00 

STEVENSON (DAVID, F.R.S.N.) The Principles and 
Practice of Canal and River Engineering. Revised 
by his sons David Alan Stevenson, B.Sc, F.R.S.E., 
and Charles Alexander Stevenson, B.Sc., F.R.S.E., 
Civil Engineer. 8vo, cloth 10 00 

The Design and Construction of Harbors. A 

Treatise on Maritime Engineering. 8vo, cloth 10 00 

STILES (AMOS). Tables for Field Engineers. De- 
signed for use in the field. Tables containing all the 
functions of a one degree curve, from which a corre- 
sponding one can be found for any required degree. 
Also, Tables of Natural Sines and Tangents. i2mo, 
morocco, tticks 200 

STILLMAN (PAUL). Steam-Engine Indicator and the 
Improved Manometer Steam and Vacuum Gauges; 
their Utility and Application. i2mo, flexible cloth. .. i 00 

STONEY (B. D.) The Theory of Stresses in Girders and 
Similar Structures. With observations on the appli- 
cation of Theory to Practice, and Tables of Strength, 
and other properties of Materials. 8vo, cloth Z2 50 
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STUART (B.) How to become a Successful Engineer. 
Being Hints to Youths intending to adopt the Pro- 
fession. Sixth edition. x2mo, boards 50 

(C. B.) C.E. Lives and Works of Civil and Mili- 
tary Engineers of America. With zo steel-plate 
engravings. 8vo, cloth 5 00 

SWEET (S. H.) Special Report on Coal, showing iu 
Distribution, Classification, and Costs delivered over 
different routes to various points in the State of New 
York and the principal cities on the Atlantic Coast. 
With maps. 8vo, cloth 3 00 

SWINTON (ALAN A. CAMPBELL). The Elementary 
Principle of Electric Lighting. Illustrated. x2mo, 
cloth 60 

SWINBURNE (].) Practical Electrical Measurement. 

With 55 illustrations. 8vo, cloth x 75 

TEMPLETON (WM.) The Practical Mechanic's Work- 
shop Companion. Comprising: a great variety of the 
most useful rules and formulae in Mechanical Science, 
with numerous tables of practical data and calculated 
results facilitatii^ mechanical operations. Revised 
and enlarged by W . S. Hutton. x2mo, morocco 2 00 

THOMPSON (EDWARD P.) How to make Inventions: 
or, Inventing as a Science and an Art. A Practical 
Guide for Inventors. 8vo, paper x 00 

TONER G. M.) Dictionary of Elevations and Climatic 
Register of the United States. 8vo, cloth 3 75 

TREVERT (E.) Electricity and its Recent Applications. 
A Practical Treatise for Students and Amateurs, with 
an Illustrated Dictionary of Electrical Terms and 
Phrases. Illustrated. i2mo, cloth a 00 

TUCKER (Dr. J. H.) A Manual of Sugar Analysis, in- 
cluding the Applications in General of Analytical 
Methods to the Sugar Industry. With an Introduc- 
tion on the Chemistry of Cane Sugar, Dextrose, Lev- 
ulose, and Milk Sugar. 8vo, cloth, illustrated 3 50 

TUMLIRZ (Dr. O.) Potential and its Application to 
the Explanation of Electric Phenomena, Popularly 
Treated. Translated from the German by D. Robert- 
son. 111. x2mo, cloth X 35 

TUNNER (P. A.) Treatise on Roll-Turning for the 
Manufacture of Iron. Translated and adapted by 
John. B. Pearse, of the Pennsylvania Steel Works, 



I 



22 



D. VAN NOSTRAND COMPANY'S 



with numerous encrravings, woodcuts. 8vo, cloth, 
with folio atlas of plates zo oo 

URpUHART (J. W.) Electric Light Fitting. Embody- 
ing Practical Notes on Installation Management. A 
Hand-book for Working Electrical Engineers— with 
numerous illustrations. i2mo, cloth 2 oo 

Electro-Plating. A Practical Hand-book on the 

Deposition of Copper, Silver, Nickel, Gold, Brass, 
Aluminium, Platinum, etc. i2mo 2 00 

Electro-Typing. A Practical Manual, forming a 

New and Systematic Guide to the Reproduction and 
Multiplication of Printing Surfaces, etc. x2mo 2 00 

Dynamo Construction : a Practical Hand-book for 

the Use of Engineer Constructors and Electricians in 
Charge, embracing Framework Building, Field Mag- 
net and Armature Winding and Grouping, Com- 
pounding, etc., with Examples of Leading English, 
American, and Continental Dynamos and Motors, 
with numerous illustrations. i2mo, cloth 3 00 

UNIVERSAL (The) TELEGRAPH CIPHER CODE.' 
Arranged for General Correspondence. z2mo, cloth., z 00 

VAN WAGENEN (T. F.) Manual of Hydraulic Mining. 

For the Use of the Practical Miner. z8mo, cloth x 00 

WALKER (W. H.) Screw Propulsion. Notes on Screw 

Propulsion, its Rise and History. 8vo, cloth 75 

(SYDNEY F.) Electrical Engineering in Our 

Homes and Workshops. A Practical Treatise on 
Auxiliary Electrical Apparatus. With numerous 
illustrations 150 

WANKLYN (J, A.) A Practical Treatise on the Exam- 
ination ot Milk and its Derivatives, Cream, Butter, 
and Cheese. x2mo, cloth i 00 

Water Analysis. A Practical Treatise on the Ex- 
amination of Potable Water. Seventh edition. x2mo, 
cloth 200 

WARD (J. H.) Steam for the Million. A Popular 
Treatise on Steam, and its application to the Useful 
Arts, especially to Navigation. Svo, cloth x 00 

WARING (GEO. E., Jr.) Sewerage and Land Drainage. 
Large Quarto. Illustrated with wood-cuts in the text, 
and full-page and folding plates. Cloth 6 00 
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WATT (ALEXANDER). Electro-Deposition. A Prac- 
tical Treatise on the Electrolysis of Gold, Silver, 
Copper, Nickel, and other Metals, with Descriptions 
of voltaic Batteries, Magneto and Dynamo-Electric 
Machines, Thermopiles, and of the Materials and 
Processes used in every Department of the Art, and 
several chapters on Electro-Metallurgy. With num- 
erous illustrations. Third edition, revised and cor- 
rected. Crown 8vo, 568 pages 350 

Electro-Metallurgy Practically Treated. lamo, 

cloth 1 00 

WEALE aOHN). A Dictionary of Terms Used in 
Architecture, Building, Engineering, Mining, Metal- 
lurgy, Archaeology, the Fine Arts, etc., with explana- 
tory observations connected with applied Science 
and Art. lamo, cloth 2 50 

WEBB (HERBERT LAWS). A Practical Guide to the 
Testing of Insulated Wires and Cables. Illustrated. 
i2mo, cloth.. 1 00 

WEISBACH GULIUS). A Manual of Theoretical Me- 
chanics. Translated from the fourth augmented and 
improved German edition, with an Introduction to 
the Calculus by Eckley B. Coxe, A.M., Mining Engi- 
neer, xioo pages, and 902 woodcut illustrations. 

8vo, cloth 10 00 

Sheep II 00 

WEYRAUCH (J. J.) Strength and Calculations of Di- 
mensions of Iron and Steel Construction, with refer- 
ence to the Latest Experiments, zamo, cloth, plates., i 00 

WHIPPLE (S., C.E.) An Elementary and Practical 

Treatise on Bridge Building. Svo. cloth 4 00 

WILLIAMSON (R. S.) On the Use of the Barometer on 
Surveys and Reconnoissances. Part I. Meteorology 
in its Connection with Hypsometry. Part II. 
Barometric Hypsometry. With Illustrative tables 
and engravings. 4to, cloth 1500 

Practical Tables in Meteorology and Hypsometry, 

in connection with the use of the Barometer. 4to, 
cloth 2 50 

WRIGHT (T. W., ProfO A Treatise on the Adjustment 
of Observations. With applications to Geodetic 
Work, and other Measures of Precision. Svo, cloth. . . 4 00 

A Text-book of Mechanics for Colleges and Tech- 
nical Schools, izmo, cloth 250 
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